MA 2161 — Mathematics — II
May / June — 2012 (Regulation 2008)

Part—A
2 d’y dy
1. Transform the equation (2x+3) e 2(2x+ 3)d— —12y = 6x into a differential equation with
X X

constant coefficients.
Solution:
Substitute 2x+3=¢° i.e 2x=¢°-3 = x= %(ez —3)
~Jlog(2x+3)=loge’
log(2x+3)=z

(2x+3)ﬂ:26y where =1
dx dz

dZ
(2x+3)2ﬁ:229(9—1)y=(492—49)y
Given equation is reduced to
(46° —4e)y—2(2ey)—12y:6B(eZ —3)}
(40> —40-40-12)y =3(¢ -3)
(40> —80-12)y =3(e*-3)
4(0>-20-3)y =3(e" -3)
(6°-20-3)y =3 (e7-3).

2. Find the particular integral of (D — 1)2 y=e'sinx.

Solution:

P.I:( ! )2 e’ sinx
D—1

Replace D by D+1

=ex—zsinx
(D+1-1)
1

= e"—zsinx
D

L1
=e D( cos x)
Pl =—-e"sinx

3. Find Asuch that F =(3x—2y+z)i+(4x+Ay—z)j+(x—y+2z)kis solenoidal.
Solution:



Given F =(3x—2y+2z)i+(4x+Ay—z) j+(x—y+2z) is solenoidal.

ie divF =0
ieV.F=0
. d 0 d
ie —(3x-2y+z)+—(dx+ly—2)+—(x—y+2z)=0
ox dy 0z
3+A+2=0
5+ =0
A =-5

4. State Gauss Divergence theorem.
Statement:

If S is a closed surface enclosing a region of space with volume V and if F is a vector point

function with continuous first order partial derivatives in V, then ﬂ F . % = _[U didev .
S \%4

5. State the basic difference between the limit of a function of a real variable and that of a complex variable .

Solution:
In real variable, x — x,implies that x approaches x, along the x-axis (or) a line parallel to the x-axis.

In complex variables, z — z, implies that z approaches z, along any path joining the points Z and z, that lie in

the z-plane.
6. Prove that a bilinear transformation has at most two fixed points.
Proof:
, . . : az+b .
The fixed points of a bilinear transformation z = is
cz+d
_az+b
cz+d

z(cz+d)=az+b

cz’+dz=az+b
cz’+dz—az—b=0
cz’+(d—a)z—b=0
This is a quadratic equation in z.
Hence it has atmost two fixed points.
7. Define singular point.

Definition:
A singular point of an analytic function is a point at which the function fails to be analytic.

4
8. Find the residue of the function f (z) = ﬂ at a simple pole.
Z \Z—

Solution:
z =2 is a simple pole.



[Res f(2)]_, =lim(z-2)f(z)
Cim(ea) A
_£—>2( 2) ZS(Z—z)
4

23
[Resf(z)l:2 :%.

9. State the first shifting theorem on Laplace transforms.
Statement:

It L] f(t)]=F(s) then L[e‘”f(t)]zF(s—a).
10. Verity initial value theorems for f (t) =l+e”’ (Sin t+ Cost)

Solution:
Initial value theorem is lir%l f(#) =lims.F (s)
t—

§—>00

LH.S=1lim f ()

t—0

= 1{1_r)r()1[1+e_ (smt+cost)]

=1+1 el =e" =1
=2 sin0=0
cos0=1

R.H.S =limsF (s)

) 1 s+2
=lims| —+——5—
s [S (s+1) +1}

52 (1+2j
S

.S
=lim| —+————
s | ¢ ) 1
s I+—| +1
Ry
2 1
1+1 w—=0—=0
(o o] (o o]
RH.S=2
Part - B
11. a.i) Solve (D2 +a’ ) y =sec ax using the method of variation of parameters.
Solution:
AEis m*+a’ =0
m* =-a’
m =xtai
m =0z%ia



= ¢"* (Acosax+ Bsin ax)
C.F = Acosax+ Bsinax

Af, + Bf,
fi=cosax f, =sinax

fl' =—asinax f2' =acosax
fifs = f f, = cos ax(acos ax) —(—asin ax)sin ax
=acos’ ax+asin’ ax

=a (cos2 ax +sin’ ax)

flle_fl'fz =a s cos’ax+sinax=1
P.I = Pf, +0Of,
Where P——_[fz—dx
hh
I fl
f1f2
J‘ fz
flfz
:_J-51nax~secaxdx
a
=—1Isinax- dx rsecax = 1
a coS ax coS ax
1
=——J.tanaxdx

1 log(secax)

a a

P= —%log(secax)

Pf, = —izcos ax log(secax)
a

_[ flffdx

B J~ COS ax-sec ax

dx

a

dx

1
=—Icosax
cosax

=ljdx



X .
Of, =—sinax
a

1 X .
. P.I=—— cosaxlog(secax)+—sinax
a a

.*. General solution is
y=CF+PlI

. X . 1
= Acos ax+ Bsin ax+=sin ax——; cos axlog (sec ax)
a a

1L.a.ii) Solve: (D*—4D+3)y=e"cos2x.

Solution:
AEis m’—4m+3=0
m* —m—-3m+3=0
m(m—l)—3(m—1)=0

m, # m,
C.F = Ae™ + Be™*
C.F = Ae™ + Be*
1
Pl=————e¢"cos2x
D" —4D+3

1
=e" coS 2x

(D+1) —4(D+1)+3
N 1

=e — cos2x
D" +2D+1-4D—-4+3

1
=e¢ ————cos2x
D" -2D

=e" ! cos2x DZ:—(22)=—4
—4-2D

=e ! (_4+2D)COSZX
(-4—2D) (-4+2D)

. (-4+2D)
=e W Ccos2x
. (—4cos2x+2Dcos2x)

16—4D?




[4cos2x+2(—2sin2x) ]
16—4(—4)
. (—4cos2x—4sin2x)

16+16
. (—4)(cos2x+sin2x)

32

=e€

=e

= —%e* (cos2x+sin2x)

pr=_¢
8

(sin2x+cos2x)

.. The general solution is
y=C.F+PlI

X

=Ae’ + Be* —%(sin 2x+c0s2x)

11.b.1) Solve the differential equation ()CZD2 —xD+ 4) y=x"sin (log x).
Solution:
Given (xzD2 —xD +4) y=x"sin(log x)

2
Put x =¢° Xt = (ez) =¢**
log x=loge*
logx =z
d
xD=0 where® = —
dz

*D*=0(6-1)=6>-6
((92—9—(9+4)y=e2Z sin z
(0" —20+4) y=¢>sinz

AEis  m’-2m+4=0

(240
201)
_ 2++4-16
2
2+~-12
2
2+i243




2. .23

=—ti—
2 2

—1+i3

CF=¢ (Acos\/§z+Bsin\/§z)

1 .
P.I =—2e ZSlIlZ
0’ —-20+4

= - : sin z 0=06+2
(6+2)" -2(6+2)+4

2z 1 .
’ S1
0°+40+4-20-4+4

nz 0> =—(1)"=-1

nzg

o
0-+20+4

——— sinz
-1+20+4

¢ 3+lzesmZ
o1 (3-26)
= X
(3126) (3-26)
. (-2)
32 —(26)°
,. (3sinz—20sin z)
9-46’
», (3sinz—2cos z)
9-4(-1)
,. (3sinz—2cosz)
13

Sin g

sin z

eZz

PI=
13

(3sinz—2cos z)

.. The general solution is
y=CF+P.I

€2Z

=eZ(Acos\/§z+Bsin\/§z)+ 3

(3sinz—2cos z)

2logx

= ' Acos3 (log 1)+ Bsin 3 (log x) |+

log x

[ 3sin (log x)—2cos (logx) |

e =X

2
2log x log x 2
g =e g

e =X



= x[Acos\/g(log x)+ Bsin\/g(log x)}+%|:3 sin (log x)—2cos(log x):I

d. . d
11.b.ii) Solve the simultaneous differential equations 2 y=sin2t, & 2x=cos2t.
t

Solution:
. dx . . . d
Given d—+2y:sm2t ie Dx+2y=sin2t — (1) whereD:d—
t t
dy .
?—Zx:cos 2t ie —2x+ Dy =cos2t = (2)
t

(1)x2 = 2Dx+4y =2sin2t

—2Dx+ D*y = Dcos 2t
4y+D?y=2sin2t+ Dcos2t
D*y+4y=2sin2t—2sin 2t
(D2+4)y=0
AE is m*+4=0
m* =—4

m=~-4
m=312i
m=0=xi2

(2)xD=

=e" (Acos 2t + Bsin 2t) " =e"=1
C.F = Acos2t+ Bsin 2t
~.y=C.F only (“R.H.S=0)
Y = Acos2t+ Bsin 2t
Substitute y = Acos 2t + Bsin 2t in(2)

—2x+ D (Acos2t+ Bsin2t) = cos 2t
—2x+ D(Acos2t)+ D(Bsin2t) = cos 2t
—2x+ AD(cos 2t) + BD (sin 21 ) = cos 2t

—2x+ A(-2sin2t)+ B(2cos2t) = cos 2t

—2x—2Asin 2t +2Bcos 2t = cos 2t
—2Asin2t+2Bcos2t—cos2t =2x

%(—ZAsin 2t +2Bcos2t—cos2t) = x

s.x=—Asin2t+ Bcos 2t—lcos 2t

The solution is
cos 2t

x=—Asin2t+ Bcos2t—

y =Acos2t+ Bsin 2t



12. a.i) Show that F = (y2 +2x7° );+ (2xy—z) } + (ZXZZ -y+ 2z) k is irrotational and hence find its scalar

potential.
Solution:
Given F = (y2 +2xzz);+(2xy—z)}'+(2xzz— y+22)l€
i j k
VXF = i i i
ox dy 0z

v 4+2xz77 2xy—z 2x°z—y+2z

= i{%@xzz— y+2z)—aiz(2xy—z)}—}'{%(bﬁz—y+22)—a%(y2 +2xzﬁ}+l§{%(2xy—z)—(%(y2 +2x22)}

=i(=1+1)— j(4xz—4xy)+k(2y—2y)

VxF=0 = F isirrotational.
To find scalar potential F= Vo

= - > 290 ~ddp -do
Le (y?+2xz° )i+ (2xy—z) j+(2x°z2—y+2x)k =i —+ j—+k—
(y ) (20-2)] ( Y ) ox ]ay 0z
= ?: v +2x7’ Integrating w.r.t . x d=xy>+x°7° +f1(y,z)
X
M _, . 2
5 =2xy—z2 Integrating w.r.t. y 0=uxy yz+f2(x,z)
y
?:2x2z—y+2z Integrating w.r.t. z O0=x"7"—yz+7" + f, (x,y)
<

Hence ¢ = xy2 +x°7° - yzZ+ 7> +c, where c is an arbitrary constant.

12.a.ii) Verify Green’s theorem in a plane for I[(3x2 -8y’ )dx +(4y—6xy) dy] where C is the boundary of the
c

region defined by x=0,y=0,x+y=1.

Solution:
M

Green’s theorem is j(de+Ndy) = J-J. a—N — a— dxdy

v Jldx  dy
The given line integral is I[(3x2 —8y2)dx+(4y—6xy)dy]

¢ (0,1
Here M =3x> -8y’ N =4y—6xy B
...%:_16)) a_N:_6y xty=1
dy ox
.‘.a—N—aﬁ=—6y+l6y =10y
ox dy
0 W

9 (1,0}



j [ (aa—];’—aa—ﬁjj dxdy= jl jo”loy dydx

5

=-2(0-1

*(0-1)
ON oM 5
———|dxdy ==
Jj.(ax aijy 3

C
:I[ *—8y" )dx+(4y—6xy)dy
OA

D

][0
+J. [(sz —8y2)

BO

[ (Mdx+Ndy)=1,+1,+1,

C

@

Along OA
y=0 ..dy=0and x varies fromoto 1.
a2
RA =J.0 3x"dx
3 1
I = 3()‘—}
3 )
I, =1
Along AB

x+y=1=y=1-x ..dy=-dx
X varies from 1 to 0

b= [ {36 -8(1-x)" |ax+[4(1-x)-
:jl°[3x2 ~8(1-x)" —4(1-x)+6(x~

oot )

6x(1-x)](d)}
x’ )} dx

0

=(o+§+2+oj— 1+0+0+6[1—1j
3 2 3

(o¢]

==+42-1-1

W

10

@

dx +

(
(

3x* =8y’ )dx+ 4y—6xy)dy]

4y—6xy)dy |



8
12 :g

Along BO
x=0 . .dx=0andy varies from 1 to 0

0
o, = jl 4ydy

0
_ {y_]
2 1
I,==-2
Substitute (3),(4) and (5) in (2)
5

I(de+Ndy):1+§—2:§ _—

C
From {17 andif)

ON oM
l(de—lr Ndy) = J;J[g—ngxdy

12.b) i) Using Stoke’s theorem, evaluate Iﬁd; , where F= y2;+ xz}'—(x+ z)lz and ‘C’ is the
C

boundary of the triangle with vertices at (O, 0, O) , (1,0,0) , (1,1, O) .
Solution:
By Stoke’s theorem I F-dr= H curl F -nds

C N

—

The triangle formed by the given points lie on the xy — plane . So n=k.

3 B v
Curl F=VXF
(L0
i k y=x
) "
ox dy 0oz
yoox —x-—z 0om  ¥=0  (L00 %
-l d

AR a3

=i(0-0)—j(=1-0)+k(2x-2y)
curl F =;’+(2x—2y)l;
.'.CurlF-12=[}'+(2x—2y)7€]l§

.'.CurlFﬁ:Zx—Zy.

11



ﬂ Curlf-;lds=j;IOx2(x— y)dydx

= ZI;I:(X— y)dydx

12.b. ii) Find the work done in moving a particle in the force field given by F=3x"i+ (2xz - y) } +zk along
the straight line from (0,0,0) to (2,1,3).

Solution:
. . . . x—0 y-0 z-0
The equation of a straight line joining (0,0,0) and (2,1,3) is = =
1 S e Jorme 2-0 1-0 3-0
X _ Y
>—===—=f(sa
= (say)
ie T=t 2=y 2=
2 1 3
= x=2t y=t z=3t

dx=2dt dy=dt dz=3dt
When =0 (21, ¢, 3t ) becomes (0,0,0,)
When =1 (2t, t, 3t) becomes (2,1,3)

Work done W = [ F'-dr
c
.-.F-cTr:[3x2f+(2xz—y)}'+ zl?] : (?dx+}‘dy+l§dz)

=3x"dx+(2xz—y)dy + zdz
=3(2r)" (2dr)+[ 2(2¢) 3t —1|(dt)+(3¢) (3dr)
=24¢dr +(126> —t ) de +9t dt
= (241> +126* =1 +9¢ ) dt

F-dr=(361"+8t)dt

12



=1
=0

3 27
= 36t_+t_
3 2 o

=12+4
=16units

.‘.jfﬁzf (361> +8¢)
C

13.a. i) Prove that every analytic function w =u +iv can be expressed as a function of z alone, not as a

function of z .

Solution:

Letz=x+iy

.‘.E=x—iy

nz+z=2x z—£:2iy

z+Z:x z—Z_y

2 B 20 B
x:Z+Z y:Z—Z

2 2i

%_l a_y_i__i 1=—i2

dz 2 oz 2i 2

ox_1 oy__1_i

dz 2 oz 2 2

a—v_vzi_(uﬂ'v)

dz 0z

a_v_v:a_ﬁ”a_f (1)

dz dz 0z

ou au'%_i_a_u.ay
dz dx dz Iy 9z

au(lj au(l’j
=— — [+—| —
ox\2) dy\2

du_l(ou, o
dz 2\ odx 9y

dv_dv ox v dy
dz ox dz OJy 9z

av(lj av(ij
=— — |[+—| —
ox\2) dy\2

a_f :l(@ + l@j 3)
dz 2\ox dy
Since f(z):u+ivis analytic

Ju dv ou  dv

—=— ; —=—— By C—Requation
ox dy dy ox
13



aw:a_u .oV

97 0z ot

1fou o v v o @) and 3)
2 dx 9y

|

1=

2l ox dy

=> wdoes not contain 7
= wcan be expressed interms of z alone.
13.a. ii) Find the Bilinear transformation which maps the points z =0, 1,ecinto w=1i, 1, —i

respectively.
Solution:

The Bilinear transformation which maps z, =0, z, =1, z; = cointo the points
w =i,w, =1, w, =—iis
w=w)(w, —w;) _(Z—Zl)(Zz _Z3)

(w=wy)(w,=w) (2-2)(2,~2)

(Z_Zl)(zz_lj
e w=w)(w, —wy) _ Z4
(w=wy)(w, —w,) [2_1]

8

(o-i)(1+0)_ =) e
(w+i)(1=i) (=1)(1) e o0
w—i =Z(1—i)

Wi (1+1)

14



z(1-i)’
= 2_p
Wi z(1-2i+i*)
w+i - 1+1
w—i _2iz
w+i 2
w—i _ iz
wti 1
(w—i)+(w+i) _ —iz+1 If—=— hen &b _c+d
(w=i)—(w+i) —iz—1 d a-b c—d
w—i+ w+i _ I-iz
w—i—-w—i —(1+iz)
2w _ 1-iz
—2i —(1+iz)
" :i(l—iz)
(1+iz)
Z+i
W =
1+iz
0> 0’
13.b.i) If f(z)is an analytic function of z , prove that (F+a—jlog‘f ‘ 0.
y
Solution:
2 2 2
We know that az+ 82:4 J —
ox”  dy 0707
R
LHS [axz ayzjlog‘f(z)‘
az
= =(1
557 loelf ()]
0 d 2\
o LR OTE] o N IE S EE
:4(%%[%1ogf(z)m} wlogm" = nlogm
= Za%%pogf( )+10gf(z)] “log™ =1log" +log"

15



1
13.b.ii) Show that the image of the hyperbola X’ - y2 =1 under the transformation w =—is the

Z
lemniscate 7> =co0s20.
Solution:
) L 1
Given transformation is w=—
Z
ie z=—
ie x+iy = -
u+iv
1 (u—lv)
= - X
(u—Hv) (u—lv)
_u—iv
- . N\2
u’ —(lv)
_u—iv
u? +v?
xX+iy= i ——
u’+v? (u2+v2j
N u —v
X = y=
u? +v? u® +v?

Equation to the hyperbola is X - y2 =1

2 2
. u -V 1
1.€C. - =
(u2+v2j (u2+v2j

u2 _ V2 _1
(u? +v2)2 (? +v2)2
MZ_VZ
v,
(u2+v2)2

2
. 22 2, 2. . . . .
le. u —v' = (u +v ) is the image in cartesian co-ordiantes.

Using polar co-ordinates. ie. # =7rc0s8 and v =rsin0

16



(rcos®)’ —(rsin6)’ :[(rcos 0)’ +(l’sin6)2T

2
r’cos’0—r’sin’0 = (r2 cos’ 0+ r? sin” 6)

r (cos —sin 9 =[r2 cos” 0 +sin’ 6)}
r? cos 20 = (rz) - cos’0—sin’ 0 =cos20
cos 20 =r? cos’0+sin’0=1
= r’ = c0s 20 is the lemniscate.
) zdz ) 1 ) )
14.a.i) Evaluate J. ———— 5 Where Cis |z - 2| =— by using Cauchy’s integral formula.
c(z-1)(z-2) 2
Solution:
Given J. Z;JZZ Here a=1,2.
c(z-1)(z-2)
Cis |z—2|:l 7 -
2 1 25
ie |x+iy—2|:— 12 7
2 | 15
—2) +y? == -
(x=2) +y" =2

(x-2) +y —[ j MBIV I NNy
e =2 +(-0)=( 1] ._1}5

!

Centre (2 0) radlus >

l\)|>—~

a =1lies outside the circle |z - 2| :%
a =2 lies inside the circle |z—2|:%
)
zdz z—1 .
= dz=2mi f'(2) (1)
¢ (z-1)(z-2)’ i(z—z)2
z—1

17



f(2)=-1 2)
Substitute (2) in (1)

e (-
e

J- zdz

———=—-2m
c(z-1)(z2-2)

14.a.ii) Evaluate f (z) = Tl(-lﬁ)in Laurent series valid for the regions |z| >3and 1< |z| <3
Z Z

Solution:

Given f(z): 1

(z+1)(z+3)
1 _ A N B
(z+1)(z+3) z+1 z+3
1 =A(z+3)+B(z+1) (2)
Put z=-1in (2) Put z=-31in (2)
1=A(-1+3)+B(-1+1) 1=A(-3+3)+B(-3+1)
1=2A+0 1=0-2B
ie2A=1 ie.—2B=1
1 -1

A== B="—
2 2

Substitute the values of A and B in (1)
1 -1

1 2 . 2

(D

(z+1)(z+3) (z+1) (z+3)

. 1 1
te. f(2)= 2(z+1)  2(z+3)

For |z|>3
ie. 3<|z|
3
K

18



1 1 1 1
M= 7 2 3
z(1+j z(1+)
Z Z
i 1 1 1

1 oo

2Z n=0

The above series is valid if

4

<land é
Z
Ifﬂ<1andH

& 8

Ifi<1and i<1
E E

If 1<|z| and 3<|z|

<1

For1<|z|<3

1<l

()

<1

3

[l‘z

4



n=0

14.b.i) Evalutate j

———————dz, where C s the circle |z - i| =2 using Cauchy’s Residue theorem.
c(z+1) (2-2)

Solution:
— —i|=2
Let f(Z)=Z2—1 Given |Z |
(z+1) (z-2) |x+iy—i|=2
z=—lis apole of order 2 ie. double pole ‘x+i(y—1)‘=2

z=2 isapole of order 1. i.e. Simple pole X+ (y —1)2 =2

z = 2 lies outside the circle |z —i|=2 (x—O) +(y —1)2 =22
\/
z = —1lies inside the circle |z — i| =2 Centre (0,1)  radius 2

[Resf(z)l__l = limi[(z+1)2f(z)]

= =>-1dz
I -1
:hmi (z+1)2—(z2 ) o
za—ldz_ (Z+1) (Z_2) i
_d](z-1) 2
= lim —
er{lle_(Z_Z):| 1 = 0.1
~ 4 3 .I;:\.I\‘_/ﬁ 34
-2)1-(z-1).1
N N ) Rl G
z—>-1 (Z_2) 1 4
— -2 7]
| z=2-2z+1 =
= lim — 4
z—-1 (Z—2)
_-t
1
Hence ZR=—§

By Cauchy’s Residue Theorem .[f (z) dz = 2751’2 R.
c

le. B Gt B :2ni(_—lj _ 2

¢ (z+1) (2-2) ?

20



~ COSmx

14.b.11) Evaluate I ——— dx using contour integration.

0 x"+a
Solution:

eimz
Consider J.ﬁdz = I f (z)dz, where C is the closed contour consisting of semicircle I of
z+a .

C

radius R . to include all the poles of f (z) and the real axis from —R to R.

.-.If(z)dz+j_RRf(x)dx=jf(z)dz.
As R%oojf(z)dz:O
J-:f(x)dx:.[f(z)dz

[ f(x)dx=2miy R
[By Cauchy’s Residue theorem I f(z)dz=2mi ZR ]
C

imz

The Poles of f(z)= are z°+a’=0 = z=*ai

22+a2

z = ai lies inside the upper half of the semicircle

[Resf(z)l :!i_}nuli(z—ai)f(z)

=ai

[Resf(z)]

= lim

z—ai

elmZ
=lim| (z—ai)5—
=a z—ai 7" +a

_(Z_ai)zz——(ia)z}

eimz
=lim|(z—ai
Hui_( )(z+ai)(z—ai)}
im(ai)
B ai+ai
e—ma
R =
[ es f (z)]zzm o
Sy R=E
2ai
Substitute (2) in (1)

I:f(x)dx=2ni(

imx

e e Tle

dx=

e—mu
2ai

—ma

Ie. J-
o 2 4 g2

a
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= (cos mx+isinmx) Te ™™
J- 2, 2 X=

e X +a a
Equating real part on both sides

—ma

e
> dez
°x“+a a

J‘°° CoOS mx

© COS MX Te ™ cOS mx
Ie. ZI —dx = VS
0 x"+a a X +a

is an even function.

© COS MX e ™
I dx =

0 x*+q? 2a

S

15.a.i) Apply convolution theorem to evaluate L' ( — )2
s +a

Solution:

-1 s -1 N 1
L 5 o\2 :L{z 2 "2 2}
(s +a) s“+a” s +a

O 6=

ie. L[f(t)]zsziaz ie L[g(t)]zsziaz
O I Al P
£(t)=cosar ¢(1)=~sinar

£ (1) = cos au ¢ (t—u)=Lsina(r-u)

L . 21 2}=J.tcosaulsina(t—u)du
0 a

t
j cosausin(at—au)du .

cos A sin B:%[sin(A+B)—sin(A—B):|
cosausin(at—au):%{sin[au+(at—au):|—sin[au—(at—au)]}
1r . )
=— +at—au)- —at+
2[sm(au at—au)—sin (au —at +au) |

= %[sin at —sin (2au—at) |




ltl s1nat—sm 2au at du
ay?2

L'\ ———|=
@ +a’
:2—I[sin at du —sin (2au — at ) du |
a
=5 Dsmatdu Ism (2au—at)du }
0
1 t
= [smatj.du Ism(Zau—at)du}
sinat (u —cos(2au ar)
2a o
{tsmat+—[cosat—cos( at)]}
= {tsmat+—(cosat cosat)} "+ cos(—0) =cos 6
a 2a
I s _tsinat
(s2+a )2 2a

15.a.ii) Find the Laplace transform of the following triangular wave function given by

t , 0<t<mw 5
f(t)_{Zn—t, <t <m and f(t+ n)—f(t).
Solution:

The function f (¢) has period 27 ie. T =21

LA O] [l ()

- [T () de

23



1 [~ =S R~
T J.Oe ’f(t)dt+J'TE e f(t)dt:l
%_IoneSrtdt+jzn65'(2n—t)dt}
e T

1

~ [Trear+ j:”(zn— ) e—”dz]
SRR
e SR Re el

s s s
I T O e
1 —21s S2
2
1 F-2(1)e™+(e™)
= 2 2
12 (e—TES ) )
—Ts 2

B 1 (1 —e )

(1+e m)(l—efm) s

—Ts

_l1-e
) —ms

s” 1+e

T -

=—tanh (_sj e_x =tan (—j

s I+e

eat _ e—ht
15.b.1) Find the Laplace transform of
t
Solution:
Provided It , A0 exists
t

WKT L{M}sz(s)ds

t

24



L{e“’—e’”}:[log(s—a)—log(ﬁb)]j

[z e
s+b )|, "

|
—

o

oQ

25



15.b.ii) Evaluate J.( :o te™ costdt using Laplace transform.

Solution:

I:e”tf (r)dr=F(s)
ie. J.:e_”f(t)dt =L[f(1)]
_[: e tcostdt=[ L(tcost) | )

§=

s=2

L s=2

Jm e tcost dt:i
0 25

d’ d _
15.b.ii) Solve the differential equation Y 32, 2y=e"'with y(0)=1and y'(0)=0, using

dr’ dt
Laplace transform.
Solution:
d’y dy _
Given —-3—=+2y=¢" 0)=1and y'(0)=0
oz T3 2y ¥(0) y'(0)

t

ie y"-3y+2y=e"
Taking the Laplace transform on both sides L(y")—3L(y')+2L(y)= L(e_t )

26



[°L(y)=sy(0)=y'(0)]-3[sL(y)-y(0)]+2L(y)=—
[SQL(y)‘S'1‘0]‘3[SL(y)—1]+2L(y)=ﬁ
S'L(y)—s=3sL(y)+3+2L(y)=—r
szL(y)—SsL(y)+2L(y):ﬁ+s_3

145" +5-35-3

(s*=3s+2)L(y)

s+1
(v -3 +2)00) =2
L()’)z(s+i;(_522s—_3s2+2)
L(y)=(s+f)2(isl)_(i_2) > (D
s =252 A B C

(s—l)(s+1)(s—2) s—1+s+1+s—2
s°=2s=2 = A(s+1)(s=2)+B(s-1)(s—2)+C(s-1)(s+1)—» 3)

> )

Put s =—1in (3) 1=6B = B:é
Put s =1in (3) 3=-2A > A:%
Put s =2in (3) 2=3C = Cz_?
Substitute the values of A, B and C in (2)
3001 2
S2—2S—2 E 6 3
= +
(s—1)(s+1)(s=2) s—1 s+1 s-3
s =2s-s 3 1 1.1 21 _
(s=1)(s+1)(s=2) 2s-1 6 s+l 3s5-2
Substitute (4) in (1)
3 1 1 1 2 1
L(y)=— +— -z
(y) 2s—-1 6s+1 3

S
y=L" 3.1 +l L 2
Y 2 5—1 6 s+l 3s-2

:EL_I[_I :|+1L‘1|:_1 }_EL—{ 1 :l
2 s—1 6 s+1 3 s—2

_2 2t

27
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MA 2161 — Mathematics — 11
Nov / Dec — 2011 (Regulation 2008)

Part— A

1. Transform the equation x”y"+ xy =xinto a linear differential equation with constant

coefficients.
Solution:

Given (xZD2 + xD)y:x ------ (1)

Take x=e¢" z=logx
xD=D" x*’D*=D'(D'-1)
()=(D'(D'-1)+D') y=¢

:>(D'2—D'+D')y:ez

D" y=e
2. Find the particular Integral of (D2 + 4) y=sin2x.
Solution:
PI=———sin2x
D" +4
= % sin2x
2D

X j sin 2x dx
2

_~X [ cos 2xX
2 2
PI— —X COS 2X
4

3.P.T F:yzg+ zx}' + xy% is irrotational .
Solution:

Given F= yz;+ zx} + xch

i j ok
wf:a_i % ai
yz zx Xy
=i [0]+j[0]+k[0]
VxF=0.

Hence F is irrotational.



4. Prove by Green’s theorem that the area bounded by a simple closed C curve is
1
— I (x dy—y dx)
2 C
Solution:

Green’s theorem states that IM dx+ N dy H (8—N—%\/IJ dxdy

Here M =-y N=x

M__ N_,
oy - ox
Ide+Ndy H(G—N—%jdxdy
:2'dedy
R

=2 [Area of closed curve ]

.. Area of closed Curve by C:%J.xdy—ydx .
C

5. Show that an analytic function with constant imaginary part is constant.
Solution:
Let f(z)=u+iv be analytic.
Then C - R equations are satisfied.
Thus ou _ov [ ou __ ov
N Oy oy ox
Given that v=c (constant)

Hence 8__0 & @:0
ox oy
ou ou . .
Thus —=0 —=0 [using C—Requations]
oy Ox
, ou .ov
Now Z)=—+i—
/ ( ) ox Ox
=0+i0

= f(z) is constant.

. . . . . l+z
6. Find the invariant point of the transformation w= 15"
-z
Solution:
) l+z
Given w=
-z
Put w=z



1+z
z=——
-z
:>z(1—z)—1—z=0
= 22 +1=0
= z=*i
.. The invariant points are i, —i .

7. Evaluate lﬁwhere C 1s the circle |Z|=%
Solution:
f(2)=—=

(=-)(-2)
Here z =1 lies outside C.
z =2 lies outside C.
Hence by Cauchy’s integral theorem

[f(2)dz=0

) z dz
) l(z—l)(z—2)

8. Calculate the residue of f'(z)=

2

> at its pole.

(z + 1)
Solution:
e’z

Given f(z)= G +1)2

Pole z+1=0
z=-1

z=-1 is a pole of order 2.

[Res f(z)]z__lzlimz_”% {(24_1)2. e ]

(erl)2
. d .
=lim___, Z(ez )
=lim___ 2¢*
Res f(z)]z:_1 =2¢7.

9. Find L (6_3’ sin¢ cost)

L (e’3’ sint cos t) =L(sintcos t)]

7 ( sin 2¢ ]
2 s—s+3

s—>s+3




_Lf_ 2
2 S2+4 s>s5+3

1
(s+3)" +4
_ 1
2 +65+13

—as

e

10. Find inverse Laplace transform of

Solution:

Wkt L(u(t—a))ze

PART - B

11.a) i) Solve the equation (D2 —3D+2)y:2c0s(2x+3)+26x.
Solution:
AEis m* -3m+2=0
(m—2)(m—1)=0
m=2,1
i.e., m;=2;m,=1 [Roots are real & distinct]
.. C.Fis,
y=Ae™ + Be*

PlI, 2% 2cos(2x+3)
D”-3D+2

=———cos(2x+3)
—4-3D+2 Replace D*by -4

= z x_3D+2cos(2x+3)
-3D-2 -3D+2

—-6D+4
:mCOS(ZX'F:;)
=%cos(2x+3)

_—6D+4 cos(2x+3)
—40 [Again D* by -4].

_3D+2 cos(2x+3)

-1
=2—0[—3Dcos(2x+3)+2005(2x+3)}

4



=;—é[6sin(2x+3)+2cos(2x+3)]

:I—gsin(2x + 3)—%005(2x +3)
2

Pl =—m————e"
D" -3D+2
2
= e¢" [Replace D by 1] Invalid
1-3+2 [Rep y 1l
2x
= e
2D-3
2x .
= e’ [Again D by 1
23 [Ag yl1]
P.I.,=-2xe"

.. Complete solution is,
y=C.F+Pl +PlI,

=Ae* + Be* —isin(2x+3)—icos(2x+3)—2xex
10 10

11.a) i1) Apply the method of variation of parameters to solve (D2 +4) y=cot2x.
Solution:
(D2 + 4)y:cot 2x
AE.,is, m* +4=0
m’=—4
m=%2i

The roots are imaginary.
. CF.is

y=c, cos2x+c,sin2x

(ie.,) C.F.=c f, +c,f,
Where f, =cos2x ; f,=sin2x

f ==2sin2x ; f, =2cos2x
fifs = £ f=2c0s* 2x+2sin? 2x=2(1)=2

:-j—dx
ht—h 1
:_J~sin2x.cot2x dr
2
=——I0032xdx——1 sin 2x
2 2
—sin2x

P=

4



.[ f_dex

=—Icos2x. cot2x dx

:_J«cos 2x

sin 2x

:_J-l sin 2x
sin 2x

1 )
:—jcosec2xdx - —Is1n2xdx
2 2

=llog[coseCZx—c0t 2x]. 1_1 [zeos2x
2 2 2 2

cos2x

1
=2 log[cos ec2x—cot 2x]+
- P.L=Pf +0f,

:{—siz 2x] (cos 2x)+(i log(cos ec2x—cot 2x)+ Cog 2x

j (sin2x)

:%log(cos ec2x—cot2x) . sin2x

- C.S. 1s,
y=C.F.+ P..

. 1 )
y=c,cos2x+c, sin 2x+Zlog(c0s ec2x—cot2x) . sin2x.

2
11.b) i) Solve:- (1+x)2%+(1+x)z—y+y:4cos[log(l+x)]
X x

Solution:

2
(1+x)2%+(1+x)z—y+y:4cos|:log(l+x)]
X X

Put 1+ x=¢€"
z=log(1+x)
(1+x)' D*=r.D (D -1)
(1+x)D=1.D
[D‘(D‘ ~1)+D +1Jy=4cosz
[D'z _D+D +l}y:4cosz

[D'z +1}y:4cosz

AE.,is, m* +1=0
m=—1;:m==i
". Roots are imaginary.



S C.F.=Acosz + Bsinz

Pl.= 4cosz

2

D" +1

1
= 4cosz
—1+1

=4—Z.COSZ:22_[coszdz
2D

=2zsinz
~.CS.is, y=C.F.+P..
y=Acosz + Bsinz + 2zsinz

Where z=log(1+x).

11. b) ii) Solve %—yzt & %Hc:tz given, x(0)=y(0)=2.

Solution:
Dx-y=t-———————- (1)
Dy+x=t'————————— (2)
(1)><D:>D2x—Dy:1

Dy+x=t
Adding (D* +1)x=1> +1

(D2+Qx:ﬂ44
~CF.is, m*+1=0 ; m*=—=1 ;m==i
C.F.=c,cost+c,sint

2 +1

SPL=—
D" +1

=(1+D0%) (£ +1)
=(L<D2+[f—<D6+ ------ )Q2+l)
=1+£* =D (1+£*)+0
=1+ —-2=¢" -1

S X=c cost+c,sint+t* —1

dx .
Zz—cl sinf+c, cost+2t

(1) = —¢;sint+c,cost+2t—y=t
y=—c¢sint+c,cost+t
~ox(t)=—c cost+c,sint+1* -1

x(O):c1 -1=2
s =3
~y(t)=—c¢ sint+c,cost+1
y(0)=c, =2



ey =2
Solution is,
x=3cost+2sint+¢ -1
y=-3sint+2cost+t¢.

12.a) Evaluate J‘()c2 + xy) dx + (x2 +y° )dy where C is the square bounded by the lines

c
x=0,x=1,y=0and y=1

Solution:
By Green’s theorem,

[ (Max+ Naty) ”[a_zv_aﬂjd dy
¢ oy

For RHS.

Here M =x"+xy N=x>+)"

=0

L1

=1

LHS LO0
Consider
J.de—l—Ndy I _[+J.+J.

AB  BC CD 04

AlongAB, y=0, dy=0 x=0¢to1

1
J.de+Ndy=:[x2dx={ } é

AB 0

Along BC,x=1,dx=0, y=0¢o1

W |

1
Ide+Ndy I(1+y dy= {y%—y?}} =1+%:

0

B (1,0}



Along CD, y=1,dy=0, x=1t00

0 3 2710
jde+Ndy=I(x2+x)dx:x—+x— =— 1+l =
CD 1 3 2 1
Along OA, x=0,dx=0, y=1t00

0 370
Ide+Ndy=Iy2dy=y— -1
04 1 3

J.de+Ndy:l+i—§—l:8;5:§=l _______ (2)
v 3 3 6 3 6 6 2

From (1) & (2),
LHS:RHS:%

Hence Green’s theorem is verified.
12. b) Verify Gauss Divergence theorem for the vector function f :(x3 — yz)i -2x° y}' +2k over

the cube bounded by x=a, y=a, z=a.and coordinate planes.
Solution:-
Given F' =(x3 —yz)i—2x2yj+2k
By divergence theorem we have H divF dv= ” F.nds
Vv S

Now v F—{ 12472 R L (0 -2)i-20y7428)

2 2 2
=3x"—-2x"=x

ﬂ divf.dv=jjjx2d2dydx
14

00



Consider,

[[F . nds=[[F .nds+[[F .nds+[[F.nds+[[F . nds+[[F.nds+[[F.ndsThe
S N S S3 Sy S5 Se6

surface S consists of six faces, the unit normal and the surface element on these faces are

tabulated below in order to evaluate the surface integral.

Surface | Equation n ds
ABGF xX=a i dydz
(1)
OCDE x=0 i dydz
()
BCDG y=a ; dxdz
(;)
OAFE y=0 _; dxdz
(s4)
DEFG z=a k dxdy
(s5)
OABC z=0 g dxdy
(s5)
On §,
Zzi, x=a, ds=dydz z

HF.;ds:]i (x3 —yz)dy dz
S| 0

0
=j‘]{(a3 —yz)dydz o .
00

10



Zz—i, x=0, ds=dydz
I?.ﬁ:—(x3—yz):yz—x3:yz

[[F .nds=

8

(yz)dy dz

O C—
S )

zj‘y?zz}adz zg—z}a

0 0 0
_ 4

QF.nds=%.

On §;,

n=j, y=a, ds=dvdz
I_T.Z:—szy:—sza

J.J‘fﬁds :j{j‘—sza dxdz
3 00

a 3 74
:J.—2ax—} dz
0 3 0
=I[_—a.a3jdz
0
—_— a —_— 5
:_2(14 Z} _—2a
0 3
On §,,
Zz—}, y=0, dy=dxdz
”I?.st=0
S4
On S,

;:k, z=a, ds=dxdy
”]?.;ds:]l]lédxdy:Zaz
Ss 00

On S,
Zz—%, z=0, ds=dxdy

”Fﬁds=]i]{—2dxdy=—2a2
56 00

o 4 4 5
J‘_[F.na’s=a5 —a—+a——2i—i-2a2 -2a°
S 4 4 3



From (1) and (2) ” divf.a’v:”(l?ﬁ)a’s

13.a) i) Find the analytic function w=u+iv when v=e > ( €08 2x+xsin 2x) and find u
Solution:
Given that V= ( ycos2x+xsin 2x)

V.=e? [—2y sin 2x +2x cos 2x +sin 2x]
V,=—2e*[ycos2x+xsin2x]+e™’ [cos 2x]
8 (Z,O)ze0 [—2(0) +2zc0s2z+sin 22]
=2zcos2z+sin2z
Vy(z,O):—2eO [O+zsin2z]+cos2z
=zsin2z+cos2z
f (z):Vy(z,O)+iVx (Z,O)
=(zsin2z+cos2z)+i(2zcos 2z +sin2z)
f(z)zj(zsin2z+cos2z)+i(2zcos2z+sin2z)dz
=I[(zsin2z+i2zcos2z)+(cos2z+isin2z)]dz
:Iz(sin2z+icos2z)dz+I(cos2z+isin2z)dz

Iuvdv:uvl UV, FUV,—————

u=z ; v=sin2z+i2cos2z
~ —co0s2z i2sin2z
u =1 ; = +
2 2
] —sin2z i2cos2z
u =0 ; Vv, = -
4 4
J-z(sin22+i2cos2z)dz:z{_coszz;21szz }_sm2z+fcos22

—c082z+2isin2z | sin2z+2icos2z sin2z—icos2z
So f(z)=z +

+
2 4 2
A8 —cos2z+2isin2z N sin2z+2icos2z+2sin2z—2icos2z
2 2
—c0s2z+2isin2z | 3sin2z
=z +
2 4

— 2 ) 3.
=$+izsm2z+zsm2z

_ 3sin2z—-2zcos2z
4

+izsin2z

12



1
13. a) ii) Show that the map w=—maps the totality of circles and straight lines as circles or
z

straight lines

Solution:
. 1
Given w=—.
z
. 1
(ie) z=—
w
Now w=u+iv
1 1 1 wu—-iv_ u-iv
Zz=—= . . ) 2
W u+iv u+ivu—iv u- +v
x+iy= u—iv _ u ; Y
w v out vt ut eVt
u -y
x=—tmem=(l) , Y= === ()
u® +v* u® +1?
The general equation is ,
a(x2+y2)+2gx+2ﬁ/+c=0 ——————— (3)

2 2 _
a (u2j_v2)2+<u2_‘:_v2)2 +2g{ 2” 2}+2f{ . V2}+c=()

u’ +v* u %
g
(u2 +v2)2 u’ +v* u’ +v*

The transformed equation is,
c(u2 +v2)+2gu—2ﬁ/+a=0

i. a#0,c#0= Circles not passing through the origin in z -plane map into

circles not passing through the origin.

ii. a#0,c=0 = Circles through the origin in z-plane map onto straight lines

not through the origin.

ili. a=0,c#0 = the straight lines not through the origin in z-plane map

onto circles through the origin in w-plane.

iv. a=0,c=0 = straight lines through the origin of z-plane onto straight

lines through the origin in w-plane.
13.b)1) If u (x, y) and v(x, y) are harmonic functions in region R prove that the function

ou ov| .|Ou Ov|. ) . .
— —— |+i| —+—|is an analytic function of z=x+iy.
oy Ox ox Oy

Solution:
As u and v are harmonic, the following are true in R.

i U,+U, =0

13



i.  V, +V,=0
iii.  Second order partial derivatives of u and v are continuous
Let U=u,—v, and V =u +v,

Then U, =u,—v, .,V =u, +v,
U=u,-v, .,V =u,+v,

u,=v,if v _+v, =0 which is true by (i)
u, =—v,if u, +u, =0 which is true by (ii)

Further u ,u,, are continuous in R by (iii). Hence by sufficiency conditions of

x > y
analyticity U+iV is an analytic function of z.

13.b) ii) Prove that the transformation w = —maps the family of circles and straight lines into
z

the family of circles or straight lines.
Solution:
Refer. 13.a)ii).
z+4

14. a) 1) Using Cauchy’s Integral formula, Evaluate J —————dzwhere ‘C’ is the circle
vz +2z+5
|z+1+i|=2
Solution:

|z+1+i|=2 is the circle with centre at z=—1—i & Radius ‘2’.
. z+4 z+4
”zz+2z+5:(z+l+2i)(z+1—2i)
i.e., z=—1-2ilies inside the circle.

z+4

z+1-2i 21
J-z+1+2 j 1— 1 dZ Wheref( )

C
By Cauchy’s Integral formula,

z+4
z+1-2i

z+4 b
————dz=2mi f(-1-2i)=—(3-2i
£22+22+5 z=2mi f 2 2( )
2
14. a) ii) Find the Laurent’s series of f(z):%valid in 2<|z|<3
Solution:
27 -1
U pyypaney
B C
=A
f(Z) +z+2+z+3
2 —1=A(z+2)(z+3)+B(z+3)+C(z+2)
Put z=-2
3=B=B=3
Put z=-3

14



§=-C = C=-8
Equating the co-efficient of z*,

l1=4A=>4=1
3 8
=1 —
f(Z) +Z+2 z+3
When 2<|z| <3,
2<|Z|:>£<1
|Z|<3:E<l
3 8
:1 —_
f(Z) +Z+2 z+3
3 8
=1+

1+3) o3

: 2 2
14. b) 1) Evaluate using Cauchy’s Residue theorem, j SINTZ_+CoS Tz dz , where C :|Z|=3

¢ (z-1)(z-2)
Solution:
_sin 7z’ + cos iz’

Let f(z)— (Z—l)(Z—Z)

The poles are z = 1& z = 2 which are simple poles.

Both the poles lies inside C': |Z| =3

) J~ sin z” + cos iz’
(z —1)(2 - 2)

Residue 1=Res[ f(z)]

dz =2mi [Re siduel+Residue 2]

sin nz? + cos z*
=1 -1
= M2 )(z—l)(z—2)

=1:—2=1['.'sinnn=0]

B sin z* + cos nz*
242 25 (Z—l)(Z—Z)

:% = 1['.'cosnn = (—1)"}

Residue 2 = Res| f(z)]

15



) J cos iz’ +sin iz’

..C (z+l)(z+2) dZ=2nix[+1+1]

=4mi.
© 2
14. b) ii) Evaluate using contour integration .[ al >dx .

—0 (xz + 1)

Solution:

2
Let f(z)=——dx
(x2 + l)

Where C consists of the semi circle F': |Z| =R

and the bounding diameter [—R , R]

Now Jc‘f(z)dz=]if(x)dx+lf(z)dz

The poles of f (Z) are
Z2+1=0 (Twice)

z2=-1
z=%i

z =1i1s double pole lies inside I’
z=—i is double pole lies outside I

Res[f(z),i]:ZlL%[(z_i)z f(z)}
d A2 z
=Zl—t>iZ{(z*l) .(z+z’)2(z—i)2]

d z°
I~ 5
i dz (Z+i)

1 (z+i)2 (22)—242.2(Z+i)
b (Z+i)

(2)" (2())-2(i) (2)
(21)°

3 43
:&m;l (#=-1)

16




Hence by Cauchy’s residue theorem
-1 T
z)dz=2mi| — |=—
Jc.f( ) ( 4 j 2

by Contour integration,
2

R 2
X d z d :£
—J;i(xz-l-l)z x+r(22+1)2 2

Lt
Applying on both sides
R—o0

T (x;il) dx+0=% [j(xzx—jrl) dz—>0asR— o

—00

o0 2
X

ﬁdxz
“ (x + 1)

r
>

15.a) i) Find L { }using convolution theorem.

s(s2 +4)

Solution:
2 | ] ]
S(S2+4) s| 2 s2+4

:l*lsinZt
2

i
=%J.sin2(t—u)du

0
b 1 —cos2(t—u) '
2 2

~[eos2(t=1)-cos2(1-0)]

1
=—[1-cos 2¢]
4
i1) Find the Laplace transform of a square wave function given by

E  for 0<t<Z

f(t)= 2 and f(t+a)=1(1)
—E for % <t<a
Solution:

17



_Il-e?
Ty e

1 +&a2

sa —Sa

let —e* 1 sa
Spe = b
s 2 == 5

et +e ?

15. b) 1) Evaluate jte_zt cost dt using Laplace transforms.
0

Solution:
L[cost]zS2 "y
L[tcost]z—%[szil}
Tte‘” cost dt =[L(t cost)l:
0

18




[-alz]]

_ (s* +1)(1)—2s2}
(S2 +1) .

(s2+1)2 . (s2+l)2 »

s -1 } _ 4-1 _ 3
- 5 2 - 2_5
(s*+1) . (4+1)
2y

.o d dy ..o dy .
15.b)il) —+4—+4y=sintif —=0 & y=2when t=0using L.T
i) dr*  dt Y dt Y 8

Solution:
Given:- y' +4y +4y=sint
Taking L.T on both sides, L(y" (t)) + 4L(y' (t)) = L(sint)

2= ! - - 1
s y—sy(O)—y (0)—4(sy—sy(0))+4y-s2+1
- 1
y(s +4s+4) 8—S2Jr1
(s +4s+4): +25+8
s7+1
1425 +25+85° +8
- s +1
287 +857 +25+9
> s7+1
— 25 +8s7+25+9
_(s2+1)(s2+4s+4)

25> +8s* +2s5+9
L e
(y() (s2+1)(s+2)2
25°+8s*+25+9 As+B C D
2 T a2 T + 2
(s +1)(s+2) st+l s+2 (S+2)

Put s=-2
—-16+32—-4+9=5D
21=5D
p=2L
5

Co-efficient of s’ is,

19



Co-efficient of s*
8=44+B+2C+D—-——-—————— (2)

Co-efficient of s,

44+4B+C=2—————————— (3)
Comparing constant terms,
9=4B+2C+D-————————— (4)

21
Substitute D = 5 in (2)

4A+4B+2C=8——

4A+B+2C=%
(2) = 44+4B+C=2

4A+B+2C=159

3B—C:_—19+2

(6)><2:>6B—2C=_T18

4B+2C:% 6

B =
6 10x5
5

108 =

_3
25
21

Substitute B :i&D = N - ——— — — —— = (4)
25 5
4B+2C+D=9
4(ij+2C+2 =9
25 5

£+2C+2:9
25 5

20



12 21

2C=9————
25 5
_225-12-105 108
25 25
_ 4
25
Substitute C in ----- (1)
A+C=2
25 25
_
25
3
2¢ 25 54 21
.'.L[y(t) :2S2 25 | + -
s +1 25(s+2) 5(S+2)
—4s+3 54 21
Llr(1]-

= + +
25(s*+1)  25(s+2)  5(s+2)’

y()=L" [—_4”3 }ﬁy [—1 }2[1

25(s2+1) 25 |s+2] 5

_LLfl —4s+3 +ﬁ672t+26—2t
s>+1 | 25 5

L 2S +3L" 21 £
25 sT+1 sT+1 25

= 2L5[—4cost+ 3sint]+ﬁe_2t +2te_2t

.t

—4 354 L, 21 L,
I—COSZ+2—SSIHt+—€ +—te .

21

izl
(s+2)2

e+

21
—te
5

-2t



MA 2161 — Mathematics — I1
Nov / Dec — 2012 (Regulation 2008)

Question Paper No. 11484

Part— A

1. Find the Wronskian of y,,), of y"-2y'+y=e"logx.

Solution :
(D*-2D+1)y=e¢"logx
To find C.F, m* —2m+1-0
(m=1) =0 =>m=1,1
L CF  y=(Cx+C,)e" =Cxe* +C,e’

=y =xe,y, =€

W:yi yf= xe e — xe¥ —xe* —e

Yy V| |xet+e’.l ef
:I:_er:| — _e2x
==

2. Find the particular integral of (D2 —-4D+ 4) §7 WA
Solution :
log2x xlog2 xlog2

PL=— 2x _ 2e = 2e e

D —-4D+4 D" -4D+4 D° -4D+4 (D—2)

ex10g2
Pl =————
(log 2- 2)2
SPI= 2—x2
(log R 2)

3. Prove that F = yzi+ zx j + xyk is irrotational.

Solution :
i j ok

curl F = i 2 i i I
ox 0oy Oy
vz zx Xy

curl F =0

. F is irrotational.

4. State Gauss divergence theorem.
Solution :

=l[x—x]—][y—y]+l;[z—z]

(D —log2)



If' S is a closed surface enclosing a region of space with volume V and if F is a vector
point function with continuous first order partial derivatives in V, then

[P [[](vF)av

5. Show that the function f(z)= z is nowhere differentiable.

Solution :
f()=z=x—ly
=x v=_y =>u, #v,
u, =1 v, =0
u,=-v,
u,= v, =-1

C — R equations are not satisfied at any point or anywhere. .". the given function is
nowhere differentiable.

6. Find the map of the circle |Z| =3 under the transformation w=2z.
Solution :
w=2z
iew= 2(x+iy)
>u=2x,v=2y

|z| =3 maps into u° +v* =36 ie,

w|=6

%, where C is the circle |z| = %

Solution :

7. Evaluate I

Given C: |z| = %, by Cauchy’s Integral formula, J. f(z)dz=0 [ z=1,2 points lies
outside]

J- zdz _0

e(z-1)(z-2)

Solution :
Residue of f(z) at z=1

= the coefficient of

" in the Laurent’s series of f(z)about (z = 1) =—1.
Z f—

1—cost

9. Is the linearity property applicable to L{ } ? Reason out.

Solution :

1—cost

. . . . . t .
Linearity property is not applicable to L{ } since L{%} does not exist.

2



10. Find the inverse Laplace Transform of ———————.
(S + 1) (s + 2)

Solution :

1 _ A N B
(s+1)(s+2) s+1 s+2
=1=A(s+2)+B(s+1)
When s=-2, B=-1
When s=-1, A=1
_ 1 1 1
”(s+1)(s+2)_s+l_s+2

s L m =L {i}—y Liz}
1
(

L

=e —e
_(s+1) s+2)_
Part—-B
11.2) i) Solve (D’ +5D+4)y=e “sin2x.
Solution :

The Auxilliary equation is 7" +5m+4=0
(m+4)(m+1):0 >m=-1,-4

~C.F.is Ae™™ + Be™

Pl. :Z;e’x sin2x =e* > ! sin 2x
D*+5D+4 (D-1) +5(D-1)+4
=" 5 ; sin2x =e_x+sin2x =" sin2x
D"-2D+1+5D-5+4 D" +3D 3D-4
. 3D+4 : _. 3D(sin2x)+4sin2x
=e " sin2x =e s
(3D+4)(3D—4) (3[)) —4?
s 6cos2x+4sin2x o (6cos2x+4sin2xj
9D’ -16 -52
= [3cos2x+ZSin2x]

—X

c (3cos2x+2sin2x)

o y=CF+PI=Ae* +Be* ¢



2
11. a) 1) Solve 7 f + y =cosecx by the method of variation of parameters.
X

Solution :
The Auxilliary equation is m* +1=0
m*=—1; m=+i
. C.F.is Acosx+ Bsinx
Sy, =Ccosx Y, =sinx
Yy, =—sinx ¥, =COSX
Y, V3 =¥, =cos x(cosx)—sinx(—sinx)=cos’ x +sin’ x=1
The Particular integral is given by,

= J‘ __ wdx:_de:_x
J’1J’2 yzyl 1
_J' :dex :Icotxdleog(sinx)

J’1y2 J’2J/1

. PI.=uy, +vy, = —xcosx+log(sinx)sinx
..Solutionis y=C.F.+P.I.

y = Acos x+ Bsin x — xcos x +sin xlog(sin x)

dx dy
11.b) 1) Solve —+ e, x———=t.
)D a0 dr
Solution :

Dx+y=¢e —()
x—-Dy=t - (2)
Differentiating (1), we get
D’x+Dy=¢ —(3)
Adding (2) and (3), we get
D’x+Dy=¢
x=Dy=t

(D2 +l)x=et +1
AE.is m*+1=0, m==i
C.F. x=Acost+ Bsint

e 1

Pl = PI = (1)
:%t ~(1+0*)"
:( —Dz)t:t



t
g x=ACOSt+Bsint+%+t > (4)

t

From (1) y=¢'-Dx =¢' - A(_Sint)+Bcost+%+l

t

y:Asint—Bcost+%—1 > )

Hence (4) and (5) gives the solution

2
1. b) if) Solve the equation 42 4 14 _ 1210gx

dx x dx X
Solution :
2 72
al d2y+xd—y=12logx S ()
dx

Put x=¢"; z=logx

dy 2d2y

—=0y; x*—-=06(0-1

xdx e dx’ ( )y
.. Equation (1) becomes,
[0°-0+0]y=122=(0"-0+0)y=12z =0°y=12z

AE.is, m*>=0, m=0 (twice)
C.F.is (Az+B)e” =(Az+B)=A(logx)+B

2
Pl =192—f - 12%“2612} - 12%{%}

2 3
zlzj%dz =6(%j= 22* =2(logx)’

©y=CF.+PI
y= A(logx)+B+2(logx)3

12. a) i) Show that F = (2xy -z )Z + (xz + 2yz)j + (yz - 2zx)]€ is irrotational and find its scalar

potential.

Solution :

i j k

VxF = i 2 i

ox oy oz

oxy—z" x*+2yz y'-2xz
=i[2y-2y]- j[-2z+2z]+k[2x - 2x]

VxF =0

= F is irrotational



—F =V
Vo :(2xy—z2)f+(x2 +2yz>}'+(y2 —2xz)l;

Zﬁ%: (2xy—z2 );Jr(xz +2yz)}'+(y2 —2xz)l€
o

a:2xy—z2 :>¢:x2y—xzz+f1(y,z)
op ) _ .2 2
—y—x +2yz =0=xy+yz+ f1(x,2)
8(1)_ 2 2 .2 2
E_y -2xz =0=yz-xz"+ f;(x,))

Lo=xX"y+yz—xz"+C.

12. a) ii) Verify Green’s theorem for v = (x2 +y° )?— 2xyj taken around the rectangle bounded

by the linesx =+a,y =0 and y=5.
Solution : Greens Theorem

CJSde+Ndy=”'{a—N— a]V[jdxdy
C R

ox oy
M=x"+y*; N=-2xp
%:2);, a_N:—zy
oy ox
ON oM
———=2y-2y=-4
ox o y—zy y

RHS. = [(—4y)drdy =4[ ydxdy =—4i j ydxdy
R 0—a

b

b E b
= —4{y[x] dy =-4[2avdy =-8a| L
=—4ab’ —(1)

LH.S. = j Mdx + Ndy
= I+I +I +jde+Na’y

04 A4AB BC CO

OA | AB BC CcO
y=0 | x=a | y=b | x=—a
dy=0 | dx=0 | dy=0 | dx=0

= J-xzdx+j’f—2aydy +_f(x2 +bz)dx+jlzaydy
0 a b

—a

ESY

¥=h

¥




PEN 2\¢ BY 21\°
A VA +b°(x)," +2ay R
3 —a 2 0 3 a 2 b

2a b - 24’

— _2ab* —ab’
3 3
=—4ab’ —(2)
From (1) & (2) we get
L.H.S.=R.H.S.

Hence Greens theorem is verified.

12) b) Verify Gauss divergence theorem for F =4xzi— yz}' + yzl; over the cube bounded
x=0,x=1,y=0,y=1,z=0 and z=1.
Solution : Gauss divergence theorem

”F nds = ”jv -Fdy

F =4xz y]+yzk

=0 0 0 - L, =

V-F=|i—+)j—+k— |- (4xzi—y*j +yzk

ox ]Gy sz ( e )
=4z-2y+y=4z—-y

| [T |

S4

J. J. Fnds = j 4xzdydz =0

51 )f:l

ds=dydz
1 1
j I]?-ﬁds = H 4xzdydz =0 = jj.4zdydz = 4j(ij dy = 2jdy = 2(y) =2
k) )Ac:l 00 0 2 0 0 0
ds:idydz

ij - nds = H yidxdz =0
53 y=0

==]
ds=dxdz
I J-I?  nds = — ” ydxdz = —Jl‘j.dxdz = —j-(z)l)dx = —.1[ dx = —(x); =-1
Sy y=l_ 00 0 0
n=-j
ds=dxdz

jjl? nds = — ” yvzdxdy =0
S5 {2()‘
n=—k

ds=dxdy
J-J-F/;ldsz .[J- yZdde:j.j.ydydz:j(ledZ:lde:l(z)lo:l
56 z=1 00 0\ 2o 25 2 2
n=k
ds=dxdy



:J;Hs.zj'ﬁ-&k=0+2+0—1+%= —()

3
: 2
RH&=HVEW

v

2—-y th

oc_._

j.jj. 4z — y)dzdxdy =H. 22° —yz dyd =j
000 00 0
1
|
0

oo

- (2)

3
2
From (1) and (2) L.H.S. =R.H.S
Gauss divergence theorem is verified.
13. a) 1) Find the bilinear transformation that maps the points z =c0,7,0 ontow =0, i,
Solution : Given
z,=0; z, =1, z;y =0

I:Qwﬁzum=w

The bilinear transformation is given by =
w

w=0 i-0
i—-0 z—0
Wi
iz

1 C o )
w = —— which is the bilinear transformation.
z

sin 2x

a) 11) Determine the analytic function whose real part is .
cosh2y—cos2x

sin 2x

Solution : u =
cosh2y—cos2x

Ou _ (cosh2y—cos2x)(2cos 2x)—sin 2x(2sin 2x)

o(xy)= Ox (cosh2y—cos 2)c)2
5(2,0) - (1-cos2z)(2cos2z)—2sin’ 2x
’ (l—cos 22)2
- (1—cos2z)(2coszz)—2(1—cos2 22) _ 2(1-cos2z)(cos2z—1-cos2z)
- (1-cos2z)’ - (1-cos2z)’
2 -1 -1 )
T1—cos2z 1-cos2z gintz o F
2



du (cosh2y—cos2x)(0)—sin2x(2sinh2y)
(I)Z (‘x’ y) == = 2
oy (cosh 2y —cos 2x)

—2sin2xsinh2y

(cosh 2y —cos 2x)2

¢,(2,0)=0
By Milne’s Thomson method

£(2)=[4(z,0)dz—i[,(z,0)dz
= —jcoseczzdz—O =cotz+c

f(z)=cotz+c

13. b) i) Find the image of the hyperbola x* —y* =1 under the transformation w = l
z

Solution : Given w=—
4

1
z=—
w
NS B RO )
X+iy=——mr=—=¢e =—|COSO—1SIn
"“Re® R R[ ¢ 4]

1 1 .
X =-—co0s =—sin
ZCos0 y=—psing
The image of the hyperbola x* —y* =1 is %cos2 () —%sin2 o=1

:%[Coszd)—sinzd’]:l :%[Cosz‘b:l] = R =cos2¢

z

b) ii) Prove that the transformation w = maps the upper half of z-plane into the upper

—Zz
half of w-plane. What is the image of the circle |z| =1 under this transformation.

Solution : w:li =>wl-z)=z

w
> ZzZ=—
1-w
iy u+iv.  u+iv 1+u—iv_[“(1+“)+V2]+i[\/(1+u)—uﬂ
y_1+u+iv_1+u+iv l+u—iv (1+u)2+v2

Separating the imaginary part

:+ when y >0,v>0
2
(1+u) +v

i.e., upper half of z-plane maps as upper half of w-plane.

Next,

Z|:l:>

L‘=1:|W|:|1_w|
1-w



u® +v? :(l+u)2+v2

w? +v: =1+ 2u+u’ +v*
=14+2u=0

=u= —%. Thus |Z| =1 maps as a line.

14. a) 1) Evaluate J‘zzidz , where C is the circle |Z +1+ i| = 2 using Cauchy’s integral

+2z+
formula.
Solution : Singular points of f(z) are
22 +2z+5=0
I+ _
SR sy

z=—1+2iand z=-1-2i

z+4 z+4

j I dz

215" o[z (-1+2i)][z-(-1-2i)]
Given, circle is |z +1+ z| =
When z=-1+2i, +1+i|=]3i] =9 =3>2.
.. The point z=—1+2i lies outside C.
When z=-1-2i,
.. The point z=—-1-2i lies within C.

Z+4
J I 1+2l
22+22+5 v Z—A— 21
=2mi f(~1-2i) where f(z):i
z—(—1+2i)
:2ni(3_2_ij since f(—1-2i)= _1_.2”4 _:3_%i
—4i —-1-2i+1-2i —4i
=g(2i—3).
ZZ

at its isolated singularities using Laurent’s

14. a) ii)Find the residues of f(z) =
) i) J (z—1)2(2+2)2

series expansions. Also state the valid region.

2
z

(2—1)2(z+2)2

4, B _C D

21 (z-1) z+2 (z+42)

2= A(z-1)(z+2) +B(z+2) +C(z-1)’ (z+2)+D(z~1)’

Solution : f(z)=

10



Put z=1, le
9

Put z=-2, D:i
9
Put z=0 0=-44+4B+2C+D

0=—4A+i+2C+i
9 9

O:—4A+§+2C

—4A+2C:—§ —> (D)
Put z=-1 1=-2A4A+B+4C+4D

1:—2A+l+4C+E
9 9

—2A+4C=—§ —(2)

8 4
D-(2)x2=-6C== C=——
M=) 5 >

1= —4A+2(—217J = 8

9
_4A_i:_§
27 9
4q=10 44
27 27

Laurent’s series expansion
f@=>a,(z-a) +3 b, (z-a)"
n=0 n=l1

Res{f(z)},_,=Coefficient b, in Laurent’s series.

4 1 I 1 4 1 4 1
f(z)=— +— = +— >
27 z—1 9(2_1) 27 z+2 9(z+2)
At z=1, blzi
27
At z=-2, blz—i
27

z+2[<3

..Residues are iat z=1, Z—1| <3 and —i at z=-2,
27 27

Region 0<|z—1|<3 and 0<|Z+2|<3

(OR)

11



14. b) Evaluate jﬂde a>b>0

a+bcosO

Solution : / = jﬂde jﬂde

a+bcosO 0 2(a+bcos)
J- 1- c0s29
2a+2bcosO
2i0
=R.P. of J. I-e [ *® = c0s20+isin GJ
o 2a+2bcosO
2
Putz=e[9:>d9:% s cosh=2 *l
iz 2z
2
~I=RPof | 1=z dz

Coganp| ! iz
2z

where C is the unit circle |z| =1

1-2°

=R.P. of dz
'[ (bz +2az+b)
2
=R.P. of - J— Iz
bz +2az+b
=R.P. of —J.f(z)dz where f(z):i - ()
i bz* +2az+b

To find residues :

—2at+4a’ -4b> —a+a’-b’
Poles are z = =
2b b
—a+Na’ +b’ B_—a—\/az—b2
b S b

o & B are simple poles.
Given a>b
Slof<1 & B> 1

.o lies inside C & P lies outside C.
~Res{f(2)},_, —Lzm(z a)f(z) —Lzm(z OL) . a)(z B)
1-z 1-o> a-d*

=Lim =

= b(z-B) b(a—B) b’

Let o=

12



Cauchy’s integral theorem,

1-z
— = dz=2mi[sum of residues of
'l.bzz+2az+b z=2mi[su ! @l

bZ

()=1= R.P.ofl_27t{ -
1

—RPof i—f(a—m)
_2n (a_m)

bZ

a—~a* -b* J

2

15. a)i) Find L' — | using convolution theorem.
(s2 + 4)

Solution :

Let F(s)= 2s4, G(s) = —~

s°+
st 427 st +22
SO =L"[F(s)] g =L"[G(s)]
:L_1 al :L_l S
[82+22:| L2+22}
=cos 2t =cos 2t
f(u)=cos2u g(t—u)=cos2(t—u)
By Convolution theorem
t t
L'[F(5).G(s)] = j F(0).g(t—u)du = j cos 2u cos 21 —u ) du
0
= —chos 2ucos(2t—2u)d =—I[cos (2u+2¢—2u)+cos (2u— 2t +2u) ]du

=1J.[cos2t+cos(4u—2t)]du _1 ucos2t—M
23 2 T

. 1 (0—2f . .
=l tcos2t+sm2t - O+—Sm( ) =l tcos2t+sm2t+smzt
2 4 4 2 4 4

1{ sin2t}
=—| fcos2t+
2 2

13



sin wt, O<t<77
®

0, %<t<2%

15. a) ii) Find the Laplace transform of the Half wave rectifier f(¢) = and

f(t+2% ) — £(t)for all t.

Solution : The given function is periodic with period 2 ,

w
By definition:
2n
1 r —st 1 A/ —st
L[f(t)] = T Ie S (@0)dt :Tny J e f(t)dt
l—e™ 4 l—e ™ 3
1 % 2nw
=T o I e sin wtdt + _[ e (0)dt
l-e¢ 7| % 5
Vi L 8
=—{2 7 J.e_” sin wtdt = 12 - [ 2e ~(—ssin wr —wcos wt)
l—-e "/ w 0 1_87 TLA’ S +w 0
= ; S_l [se*“ sin wt + we "' cos wt];%”
(l—e_ T%V)(sz +w2)
- > S_W (e_s%' cosmt—e’ cos°)
(l—e T%V)(Sz +w2)
= v (—e_s% —1)
(l—ezn%”)(s2 + wz)
w(eT%’ +1) "

) (l—e_zn%”)(s2 +w2)= (s2 +w2)(1—e_ﬂ%”)

15. b) i) Find L{—COSt _tCOSb d }

Solution : L {—COS at - cos bt}

t

T s s 15 2s 2s
= — dS = — - dS
-!(s2+a2 S2+b2j 2!(s2+a2 52+b2j

= %[log(s2 +a2)—log(s2 +b° )IO = %{log(iz :Zz ﬂb

T{L [cos at] - L [cos bt]}ds

14



— o 5

_1 0—Io s +a’ —llo s*+b?
2 8 s*+b 2 8 s’ +a’
2
15. b) i) Solve d—f—3ﬁ+ 2x=2,given x=0 and % =5 for # =0using Laplace transform
method.

Solution : Given x"-3x+2x=2
L[x"]-3L[x"]+2L[x]=L[2]
[S2L(x) —sx(0) —x'(O)] —3[sL(x) —x(O)} + 2L(x) — 2x§
2+5s

N

(32 —3s+2)L(x)—5=§ :(sz —3s+2)L(x):%+5 =

Ss+2 _ Ss+2
= L(x)= 5(52 —35+2) s(s=1)(s=2)

Consider,

S5s+2 =£+ B N C
s(s—l)(s—2) s s—=1 s=-2
5s+2:A(s—1)(S—2)+BS(S—2)+CS(S—1)
When

s=1,7=-B=B=-7
§=2,12-2C=C=6
§=0,2=24=>A4=1
1 &7 6

SL =
(x) Ky s—1+s—2

x=L" (% -7L" (Lj +6L" [Lj
S s—1 s—2

=1-7¢" +6¢*

15



MA 2161 — Mathematics — 11
Nov / Dec — 2009 (Regulation 2008)

Question Paper No. V 4012

Part— A
1. Solve the equation(D2 -6D+ 13)y =0.

Solution: Auxiliary equation is m”> — 6m +13=0

6£v36-52 6+4i _
2 2
.".Complementary function = e** (4 cos 2x + Bsin 2x)

320

Solving, m =

.".Solution is y = e** (4 cos2x + Bsin 2x)

2. Find the particular integral of (D + 1)2 y=e cosx

1 1 1
Solution: Pl =————e " cosx= e"‘—zcosx= e —cosx
(D+1) (D-1+1) D
e " cosx .
= —1= —€  COSX

3. Find grad (r" ) where r = xi + y}' +zk and r= H
Solution: grad(r” ) = V(r” ) = f%(lf” ) = Z;nr”‘l 2—:
= Z; L = Z; nr'x
r
= nr”‘Zfo
P~

n—.

=nr r

4. Find the unit normal to the surface x* +xy+z° =4 at(1,-1,2).

Solution: ¢ = x* +xy+z° —4
__:a 2 2 - a 2 2 - 2 2
V¢—la(x +xy+z —4)+]5(x +xy+z —4) +k£(x +xy+z —4)
= i(2x+y)+ j(x)+k(2z)

V(L,-1,2)=i+j+4k

Unit vector normal to the surface x* +xy+z> =4 at (1,-1,2) is



~ V¢ f+}'+41§ _f+}'+4l€

7 N TS TS TN

. State the basic difference between the limit of a function of a real variable and that of a
complex variable.
Solution: If f(x) is a function of a real variable x then lim _,, f(x) =1/ implies f(x)

always approaches / when x approach a (either from left or from right) along x — axis (the
line). If f(z) is a function of complex variable z then lim_,_ f(z)=b implies that in

whatever way z approach z, (either along the path PAB or PCB or along the line PB or along
the curve joining PB) f(z) always approaches b.

TPz

. Prove that a bilinear transformation has at most two fixed points.

. az+b
Solution: A transformation of the form w=
cz+d

where a, b, ¢, d are complex constants is

called bilinear transformation.
The point z is said to be fixed if the image of z under the transformation is z itself.

) az+b
that is, z =
cz+d

Being a quadratic equation in z it has at most two roots and hence the bilinear transformation
has at most two fixed points.

= cz'+dz=az+b =z’ +(d—a)z-b=0

1
. Identify the type of singularities of the following function: f(z)=e*"
1
Solution: The singularity of the function f(z)=e*"! is z=1(isolated). The Laurent’s series

LY (LY
(ZHJ LQJ

infinitely many terms, z =1is an essential singularity.

expansion of f(z)is 1+ +... As the Laurent series expansion has



> at its pole.

8. Calculate the residue of f(z)= ©
z+

Solution: z =—1is a pole of order 2

1 . d 2 622 . d 2 . 2 -2
SAR =—1 — 1 =] —(e” )=1 2eF =2
{ es f(z)}z:i1 M im___, 7 (z+1) (z+1)2 im___| 7 (e ) im___, 2e e

9. Find the Laplace transform of #cosat

Solution:
_ 24 =s5(2 N 2 2 2
L{tcosat}=—iL{cosat}=—d( 2S 2j=— (S a) Sg S) N +a2 =2 -4 >
ds ds\s"+a (s2+a2) (s2+a2) (s2+a2)
10. Verify initial value theorem for f (t) =l+e” (sint +cos t) .
Solution: Initial value theorem states that lim, , f (t)zlims Lo SF (S)
F(s):L{f(t)}:L{1+e" (sint+cost)} :L{l}+L{e_’ sint}+L{e” cost}
1 1 (s+1)
- 7 .t 2
S (s+1) 41 (s+1) +1
LHS=lim, , f(¢)=1lim, ,,1+e ' (sins+cost)=2
RHS=limHOOsF(S)=1ime{l+ > ! + 2(S+1) }
s STH25+2 sT+2s+2
i l+l
—lim,_,, |1+ + f(”l) lim, |[1+—8 4 s |
ST+2s4+2 sT+25+2 1+g+£ 1+g+£
s s s s

Part—-B

11. a) (i) Solve the equation (D2 -3D+ 2) y=2cos(2x+3)+2e"
Solution: General Solution y =Complementary Function (CF)+Particular Integral(PI)
Auxiliary equation is m*> =3m+2=0=(m—-2)(m-1)=0=>m=2,1



.CF=Ae* + Be*
1

Pl=———[2cos(2x+3)+2¢"
D2—3D+2[ ( ) |
1 1 1 .
=2 z—cos2x0053 —z—sm2xs1n3 +— :
-3D+2 D -3D+2 -3D+2
=2 cos3;cosbc—sin3;sin2x+x e
—4-3D+2 —4-3D+2 2D-3
=—2co0s3 cos2x+2sin3 sin2x —xe"
D+2 3D+2
1 (3D—2) ) 1(3D—2) A .
=—2co0s3 cos2x+2sin3 sin 2x — xe’
(3D+2) (3D-2) (30+2)(3D-2)
=—2cos3 (3D 2)0052x+251n3 ! (3D 2)sm2x xe”
-4 9D —4

:_—20053(3D—2)cos 2x+isin3(3D—2)sin 2x—xe*
40 40

:Lcos3(—6sin 2x—2c0s2x)—2Losin3(6cos 2x—2sin2x)—xe"

a) i1) Apply the method of variation of parameters to solve (D2 + 4) y=cot2x.

Solution: Auxiliary equation is m* + 4 = 0
ie,m’=—4=>m==%2i
.. CF = Acos2x+ Bsin2x

Let the solution be y = Acos2x + Bsin 2x, where arbitrary constants A and B are

considered as suitable functions of x .
—cot2x sin2
A= [OOZES2E

cos2x  sin2x 5 .
= 2c0s"2x+2sin"2x=2

-2sin2x 2cos2x

:__J-cos2x sin2xdv+C, __%sm2x+C1 :_sm42x_|_c1

sin2x

J- cot2xcos2x K+ C,

1 ¢(1-sin’2
:—j““zxamzuu+c;=—j-—ifl—f¢u+c;
sin 2x sin 2x

1 log(cosec2x —cot 2x) N 1 cos2x
2 2 2

_1 I cosec2xdx— —I sin2xdx+C, =
2

+C,



—si 1 2x—cot2
.'.yz( Slzzx+4]0052x+[ og(cosec4x 0 X)J+0022X+C2)Sin2x

sin 2xlog (cos ec2x —cot 2x)
4

y=C,cos2x+C2sin2x+

11.b) i) Solve (x*D* —xD+4)y = xsin (logx).

Solution: Put Z =logx, x=¢°

~xDy=D'y D=%,D':%

x’D’y :D'(D'—l)y
S X'D*y—xDy+4y =x’ sin(logx)
reduces to D'(D'-1)y—D'y+4y=¢*sinz
(D'z—D'—D'+4)y=ezz sin z
AE.is m*-2m+4=0

e .
o 2ENAA) 2523 s

2 2
S CF=¢ (Acos\/§z+Bsin\/§z)
PI:%ezz sin z
D“"-2D'+4
2z 1 . 2z 1 .
=e 5 sinz = e > sin z
(D'+2) -2(D'+2)+4 D"+4+4D'-2D'-4+4
_ 2z - N 2z .
= e ————sinz=e  —————sinz
D'"+2D'+4 -1+2D'+4
= 2ZLSinZ: e’ ! (2D_3)sinz
2D'+3 (2D'+3) (2D'-3)
2D'-3 2D'-3
% —( - )sinz = ¢* —( )sinz
4D -9 4(-1)-9

= ¥ i(—ZCosz+3sinz)
13

.". General solution is
>(logx)

y =€t (A cos(\/glog x) + Bsin (\/glog x)) ¢ (2cos(log x) —3sin(log x))

2

= x(A cos(\/§ logx)+ B sin(\/glog x) - %(2 cos(log x) —3sin(log x)) .



dy

11. b) ii) Solve the simultaneous differential equations §+ 2y =sin2t, I 2x =cos2t.
t t
Solution :
Dx+2y =sin 2t ---------- > (1)
Dy —2x =cos 2t -------- -- >(2)

multiplying eqn. (1) by 2 and operating eqn. (2) by D
2Dx+4y =2sin2¢
D?y—2Dx = D(cos 2t) = —2sin 2t

(D2+4)y:O
AE. is m*+4=0=>m’ =—4 =>m==2i
Sy =A4,cos2t+ B sin2t————>(3)

Sub eqn. (3) in eqn. (2)
D (Al cos 2t + Blsin2t) —2x=cos2t

—2A4,sin 2t + 2B, cos2t —2x = cos 2t
2x=-24,sin2¢+(2B, —1)cos 2t

Lx=-4 sin2t+%(2B1—l)0052t
x=A,sin2t+ B, cos2t where 4, =—A4,; B, :%(ZBl -1)
12. a) 1) Prove that curl (ﬁx;)=(\7.V)ﬁ—(b7.V);+ﬁdiv;—;divﬁ.
Solution:
.- B\
Vx(uxv)zsza(uxv)
- (ou - — ov
—sz(gxxwu an
_ zzx(g_zx;}zf{; Z_J
dnd 81; —*61; ind ~8\7 ind dnd 6\/’
:(ZZ.V)a—x—[ l.a]\/‘ﬁ‘( la—xlu—(ZZL{)a
- -0 \- -\~ -\= - -0 \-
:v.(ZlaJu—(V.u)v+(V.v)u—u.(Zl§jv

= (¥ )u=(Va)y+(Vo)u-(uv)y



a) i1) Evaluate J(xz +xy)dx+ (x2 +y° )dy where C is the square bounded by the lines

c

x=0,x=1L, y=0and y=1

Ly
Solution: '
By Green’s theorem in the plane,
P !
J.de+ Qdy = Jj(a—Q—ﬁ—dedy
g 2\ Ox Oy =0 1
P=x"+xy,0=x"+)"
op =X, %Q =2x =0
oy ox

y=1 x=1

.-__[(xZ +xy)dx+(x2 +y2)dy: J:O J:0(2x—x)dxdy

I R T
(1] g=2y]iet
I{z @ =5

»=0

12. b) 1) Verify Stoke’s theorem when F= (2xy AL );— <x2 -y° ); and C is the boundary of the

region enclosed by the parabolas y* =x andx” = y.
Solution: By Stoke’s theorem,

c_fl?d?» :j!(vﬁ)ﬁds

Q)|Q) ~
Qo wu

8]

k
o
0z

2xp —( —yz) 0

= 0 0(2 2\ =| 0 0 | 7| O L )
:{5(0)+5(x -y )}—]{5(0)—5(2)@/—)6 )}+l{a(—x +y )—a(ny—x )}
Y 1?:1;[—2x—2x]:—4xl;
RHS =“.(V><1?)JA1dS =J.I(—4x7€).1;dxdy

(LD

(0.0




—4_[ x[y] dx
x=0 x2
x=1
=—4I x[\/;—x2] dx
x=0
x=1 é
=4 _[ (xz —x3jdx
x=0
1
)
xz X
2 0
=_4F_l}=_4{8;5}
5 4 20
__3
s

LHS = [F.dr=[F.dr+ | F.dr
c q G
along C,, x* =y, dy =2xdx, X varies from 0 to 1
alongC,, y* =x, dx=2ydy, y varies from 1to 0
LHS = j(2xy—x2)dx—(x2 —yz)dy
:xJ_‘l(2x(x2)—x2)a’x—(x2 —x4)2xa’x +yjo(2(y2)y—y4)2ydy—(y4 —yz)dy
x=0 y=1
:)]:1(2963 — QRN +2x5)dx+yj_-0(4y4 —2y°—y* +y2)dy
-0 y=

X 1

20 (35 20° ] (411 32 1)) -3
= + + e R b [ et Sy [} g
36, |5 6 3 (3 3} (5 6 3) 5

12. b) i1) Evaluate I(sin zdx —cos xdy +sin ydz) by using Stoke’s theorem, where C is the

c

boundary of the rectangle defined by 0 <x<7,0<y<1,z=3.

Solution: By Stoke’s theorem,
$Fdr=[[(VxF)nds
C N

F =sinzi—cosxj+sin yx



Q .
Q»

i
VxF = 9 -~ “
ox oy 0z

sinz —cosx siny
=?[§(sin ) —%(—cosx)j —}(a%(sin ) —%(sin z)j + %(a%(—cosx) —%(Sm z)j

= Cos yi +sin xk

n=k
_H(V X f)fa ds= yJ:l ]E (cos yf+ sin xl;)l?dxdy
s =0 x=0
= T Tr sin xdx dy
y=0 x=0

y=1 7
2_[ [-cosx] dy
y=0 0

.[(sin zdx —cos xdy +sin ydz) =2
13. a) 1) Verify that the families of curves u = C, and v = C, cut orthogonally when

. 3
u+iv=z".

Solution : u +iv = (x + iy)3 =X +(iy)’ +3x°(iy) + 3x(iy)°
s =x" =3xy?
u=-y"+3x"y

sinceu=C,, x —3xy°=C,

Differentiate with respect to x,

3x° —3()/2 +x2yﬂj:0
dx

3x*-3y* = 6xyﬂ
dx
d x2 4,2
A R m; (say)
dx 2xy

Since u=C,, -y’ +3x’y =C,



Difference with respect to x,

—Z»yzd—y+3[2xy+x2 a’_yj 0
dx

dx
6xy = %(3)}2 —3x2)

Ldy _ 2xp

o =m, (sa
dx yz _xz 2 ( Y)
2 2
X =y -
Somom, = =-1
=) ()
.". families of curves u = C| and v =C, cut orthogonally

2xy

13. a) ii) Find the analytic function u +iv, if u =(x—y) (x2 +adxy+y? ) Also find the

conjugate harmonic function v.

Solution :

0

a—Z:(xz+4xy+y2)+(x—y)(2x+4y)

%:(—l)(xz+4xy+y2)+(x+y)(4x+2y)
T
f(Z)_éxH@x

:a_u—ia—u (by C — R equations)

ox oy

1= 31012 (20
:(22 +222)—i(—22 +422)
=3z —i(322)
f(2)=3(1-i)z*
3
f(z):3(1—i)%+C
f(2) :quiv=(1—i)(x+iy)3 +(C1 +iC2)
u+iv:(1—i)(x3 —iy’ +i3xzy—3xy2)+(C1 +iC2)
:(x3 —3xy2 —y3 +3x2y)+C1 +i(3x2y—y3 -x’ +3xy2 +C2)
v=3x"y—-y —x’ +3x° +C,
=3xp(x+y)—(x* + ")+ C,
=3xy(x+y) - (x+ ) (X —xy+y)+C,

10



=(x+y)(dxy—x"-»")+C,

13. b) 1) Find the image of the circle |z - 1| =1lin the complex plane under the mapping w = l
z

Solution :

L Y :>|1—w| :|w|

|1—w|2 = |w|2 (w:u+iv)

|(1—u)—iv|2 = |u+iv|2

S(=u) + (=) =ut
W +1-2u+v =u* +v’

S1-2u=0

u=—

2

.".image of the circle |z —1| =lunder w= lis u= % , which is a straight line in
z

the w - plane.

z-plane

u=1/2

13. b) 1i) When the function f(z)=u+ivis analytic . Prove that the curves u = constant and
v = constant are orthogonal.

Solution :
Since u=C,, du=0
=a—udx+8—udy=0 -,-du:a_”dx+a_”dy
Ox oy Ox oy

11



. 6_ud = —a—udx
oy ox

ou

™= dx Ou
o
Since v=C,, dv=0
:@d +@dy 0
ox oy
ov
Ay _ o
Tdx  Ov
a

By C — R equations , o = o
Ox oy
ov_ Ou
oy ox
ou
=220
o
_ou ou

6)6 ay -1
ou au

ay ox
.. curves u =constant and v = constant are orthogonal.

Somim, =

14. a) i) Evaluate J. - where C is |z —2| =% by using Cauchy’s integral formula.

2 (z-1)(z-2)°

Solution :
The function ;2 has singularities z = 1, 2 of which z = 2 lies within C.
(z-1)(z-2)
( )dz
J'(z l)(z 2) i (z—- 2)
|=-2=1/2

. . . f/ﬁ\\

By Cauchy’s integral formula for derivatives, B} S
12 =




f(z)dz 2xi .,
j )@

, J-(z—l)dz 2z

S I_1

Where f(z)=

7'

(z-1D)~z -1

(z=1* " (z-1)

-1
= =-1
RACE T

[

2 (z-2)

=-27i

14. a) i1) Evaluate f(z)= L in Laurent series valid for the regions |z| >3 and

(z+l)(z+3)
1<|7|<3
1 A B
= +
(z+D(z+3) (z+1) (z+3)
~1=A(z+3)+B(z+1)

Solution : f(z)=

z:—3:>1:—2B:B=—%

z:—I:I:ZA:A:%

1 1 1
- @)= E +1_Ez+3

In the region |z|>3, |z|>1
A 2 <l& 1
Z z

L f@)=

<1

1

2ZQ+/) 2z 1+%)
£fot) .
:;_Z(l_;@ (e w}_i[l_;@ T - OOJ

In the region 1<|z|<3,




1

z

z

1& |—<1

2
14.b) i) Evaluate [ _d49
v 2+cosd

Solution : Let z =¢€",

Z| =1, dz=ie" dé

o, -0 741
.'.d@z‘d—.zgzﬁ, c05 6 — A R )2 A
ie” iz z 2
dz
T o iz
2+cosd 2241
0 |2]=1 +
2z
dz
_[AaNZ™ 2 dz
lez+4z+1 l‘z‘zlzz+4z+l
2z
Singularities of f(z) :2; are —2++/3 , 2+43
z°+4z+1
—_ +J _ 4+
Z2+4z+1=0,z= 4+16 4: 4_2\/52—2i\/§}
2 2
of the singularities, —2 ++/3 lies within C. .". By Cauchy’s Residue theorem
27
jd—ezgxzni (Res f(z) at z=-2++/3)
0 2+cos@ i

Res f(z) at z=-2+3

=it , x (z—(—2+\/§ ) !

(z—(—2+\/§))(z—(—2—\/§)

14



1 1
:(—2+J§)—(—2—J§) NG
ZI de 27

0 2+cos(9 A 2\/— \/_

14. b) i1) Evaluate I( o
(v +a?)
Solution : We know that

T f(x)dx = ZT f(x)dx
it f=x)=f (x)

a > 0 using contour integration.

I

x+a)

w I(Haz
et

Consider the integral J f (z)dz
C

x+a

1
(22 +az)3

C is a closed curve consisting of a semicircle C, with centre at origin and radius R large

Where f(z)=

enough such that all the singularities of f(z) above the real axis are within C, and the line
segment joining —R to R along the real axis.

j f(z)dz = j f(z)dz+ f F(x)dx

(As long real axis,z =x)
But I f(2)dz = 2xi (sum of residues of f(z)at isolated singularities within C).

Singularities of f(z) = ;3 are z = ai, —ai (both poles of order 3) of which z =ai
zZ“+a

lies within C.

1. d’? 3 1
~qRes f(z){_ =—lim_,  —(z—ai
{ f( )}z:al Iz z de( ) (Z—al) (z+az)
:%limz_mi %(—3) (z+ai)_4

15



= %hmm (=3)(~4)(z+ai)”

12 1
=—/Iim S
2 (z+ai)
PR SV S
(2al~)5 32a° i
) .3 3z
. l [ @)z = 2mix—e =
RY/4 R
e [ r@dz+ [ fax
o] -R
As R —
onC z=Re’,0<0<r
|2[=R
dz=iRe" dO
|dz| = Rd6
j f(2)dz| < j |1/ (2)||2]
(6] ]
1
< dz
CJ; Zz +a2‘3 | |
1
[y
ciflz|” —a
< : ~Rd6
6=0 (R2 —az)
R 7 7R
- o =————
<R2 _a2)3 [ ]O (R2 —a2)3
7R
. . R®
lim, le f(z)szhmR_mm
RZ
R
li R
11’1’1R_>OO =

16



15. a) 1) Using convolution theorem find the inverse Laplace transform of 2;
(s + 1)(s +1)
Solution : By convolution theorem,

L F(s)F(s)} =L {F(s)}*L"{G(s)}

) P

t t
=sint*e”’ = J- (sinu)e "™ du = e”je“ sinudu
u=0 0

=e" [—126:12 (sinu —cosu)} =e {e_zt(sinz—cost) 0z (%(_l)ﬂ

0

_ e'sint e'cost 1 _sint cost e
2 2 2 2 2 2
t, 0<t<a

f(t+2a)= 1)

15. a) i1) Find Laplace transform of f(¢) =
2a—t,a<t<2a

Solution :

1 2a *
L{f@)} = s ! f)edt
:;_]ite'”dt+2f(2a—t)e‘”dt
1_672as K )

1 e e a e e 2a
-tz o o e (]

17



1_ as —as
11— 1 2 ler-e? 1 as
S L0} a2
s“1+e S — K
e? el +e?
I+—
e?

1, O<t<a

15. b) 1) Find the Laplace transform of square wave function defined by f(¢) = {
with period 2a.

—-la<t<2a

Solution :

L{f) =%{ | f(t)e”dt} -—

a 2a
—st —st
o 7|:‘([1€ df+I—1€ dti|
B . 2 st 2a
1 e’ | |’
1 e _|: -8 :|0 |: -8 :|a :l
I [ e® 1 e & I (e -2e)
= _ ,2as o+ N —2as
l—e™ ] 3 3 s N 1

(1—e"”)(1+e’“‘v) s
211_6_“ = ltanh(ﬂj
sl+e™ s 2

2
15. b) ii) Solve the differential equation cjﬁf +y=sin2¢t, y(0)=0, y'(0)=0 by using

Laplace transform method.

Solution :
y"+y=sin2t¢
Take Laplace transform on both sides,
L{y"+y}=L{sin2t}
2
Liy"+L =
WL ==
2
L{yl=sp(0)=y'(0))+ L{y} =
("L} =@ =y @)+ L} =5

.'.(s2+1)L{y}=Szi4 S L{y} 2

(52 + 1)(52 + 4)
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1 2
ny=L"
4 {s2+1s2+4}

1 2
=L { }*Ll { } (by Convolution theorem)

s2+1 s>+4
=sint*sin 2¢

= jsinusin2(t—u)du =%j-[cos(u—(%—Zu))—cos(u+(2t—2u))]dy

u=0
t . _ 5 o t
:lj[cos(?»u—2t)—cos(2t—u)]du _1 sin(3u-2¢) _giNgY)
29 2 3 3 o
= l{@Jrsint——sm(_zt) —sin Zt}
21 3 3
=%[§sint—§sin2t} = y=§sint—%sin2t
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MA 2161 — Mathematics — 11
Nov / Dec — 2010 (Regulation 2008)

Question Paper No. 53294

Part - A

1. Reduce the equation (xzD2 +xD+ 1) y=Ilog x into an ordinary differential equation with

constant coefficients
Solution:

Z=logx,x=¢€ D:i’Dlzi
dx dz

xzDzy:Dl(Dl—l)y xDy=D'y
.'.()CZD2 +xD+1)y:logx
becomes (D1 (D1—1)+D1+1)y=z
(D‘2 _D'+D' +1)y=z

le., (D12 +l)y=z.

2. Find the particular integral of (D2 -2D+ 2) y=e cosx.

Solution:
PI=2;excosx=ex 5 ! coS x
D*-2D+2 (D+1)" =2(D+1)+2
. 1
= > COS X
D +1+2D-2D-2+2
=ex2—cosx:e"x—cosx
D +1 D
xe* 1 xe* .
= —Ccosx= sin x
D
3. Prove that div7=3and cure »=0
Solution:
r=xi+yi+zk
i j k
- 10 o0 0| = 0 0 =l 0 0 -~ 0 0
Vil £ 2| 2020 | 2020 |+ 202 (x)
ox 0y 0z oy 1574 Ox 0z Ox oy
X 'y z
=0i—0j+0k=0



4. State Stoke’s theorem.
Solution:

If F is a differentiable vector point function defined on the open surface S, then
[E.di=[ [(VF).nds
C S

Where C is the curve bounding the open surface. n is a unit vector drawn normal to the
surface.

5. Verify whether the function u=x" —3xy’ +3x” —3y” +1is harmonic.

Solution:
2

@:3x2—3y2+6x;6—‘2‘=6x+6
16 ox

X
2
@=—6xy—6y ; a—121=—6x—6
oy oy
2 2
%+%:6x+6—6x—6:0

.. uis harmonic.

6. Verify whether f(z) =z analytic or not.

Solution:

du_ju_gov_jov_
0x oy Ox oy
ou ov ov  ou
—#—and —=-——
ox Oy ox oy

Since the C-R equation u, = v, is not satisfied f(z) = zis not analytic.
7. Evaluate gie—ldz if Cis|z[=2.
Z —
(o

Solution:

z

The function

has singularity at z =1which lies inside C, .".by Cauchy’s
_

integral formula

q‘)ezdz =27Z'if(1)

~z—1
Where f(z)=e”and hence f(1)=e
.'.CI)e dz =2rie
v z—1



8. If f(z)=— 2 1+ (z 1)+ (z=1) + |

z—1
find the residue of f(z)at z=1
Solution:

in the Laurent’s series

Residue of f(z) at z=1 is the coefficient of

expansion

i.e.,[Resf(z)] =-1.

z=1

9. Find Laplace transform of tsin 2t
Solution:

L{tsin 2t}=—diL{sin Zt}
S

since L{tf(t)}:—%L{f(t)}
.'.L{tsin2t}:—dis(szz+4j
=—z(~1)(s>+4) " (25)
_ 4s
(s2 +4)

10. Find L71 2;
s +4s+4

Solution:

R P A o
s> +4s+4 (S+2)2

Since L {F(s + a)} S {F(s)}
Lil {2;}2627
s +4s+4
Part-B

11. a) i) Solve (D2 +16)y:cos3 X
Solution:

y =complementary function (CF)+ Particular integral (PI)

CF is the solution of (D2 +16)y=0

Auxiliary equation is m” +16=0



m’=—16=m=+4i
..CF=Acos4x +Bsin4x

Pl=—; cos’ x= 21 (Ecosx+lcos3xj
D°+16 D +16\ 4 4

1 1
=—CO0SX +—C0S3x =—C0SX +—C0S3Xx
60 28 20

.". General solution

y=Acos4x +Bsin4x +Lcosx+Lcos3x

2
11. a) ii) Solve by the method of variation of parameters, % +4y=sec2x
X

Solution:
AEis m*+4=0
Sm=12i
..CF =Acos2x + Bsin 2x
Let the general solution be y=A cos2x + Bsin 2x

where A and B are considered to be functions of x.

A:J~—sec2x x sin 2x

dx
AW

CcoS 2X sin 2x

—-2sin2x 2cos2x

=2cos’ 2x +2sin* 2x=2#0.

B:J'sec2x X COS 2X

dx
w

2 Y cos2x Z T4

— e d 5
A:_l ! « sin2x dx _1=2sin2x dx IJ- (cos x)
cos 2x 4

CoSs 2X

:%log(cos 2x)+Cl




1 1 1
B:—I x cos2x dx :E_[dx: 5x+C2

oS 2X

Sy :(%log(cos2x)+Cljcos2x+(§+C2jsin 2x

1 . .
yzzcos 2x log(cos 2x)+%sm 2x+C, sin2x +C, cos 2x

11.b) i) Solve: (><2D2 -3xD +4)y=x2 cos(logx)
Solution:
Let z=logx,x=¢"

XZDZ}’:DI(D1 —l)y, xDy=D'y where D:i’Dl:i
dx dz

.'.()<2D2 —-3xD+ 4)y:x2 cos (log x ) becomes
(D1 (D'-1)-3D' +4)y =’ cosz
(D12 — 4D +4)y=e21 cosz
AE is m* —4m+4=0
(m-2)" =0 =>m=2,2
~.CF=(A+Bz)e*” =(A+Blogx)e’™* =(A+Blogx)x’

1

Pl=—5—— e’ cosz
D" —4D'+4
1 1
=—2ezzcosz =ezz—zcosz
(D1—2) (D1+2—2)
2z l 2z 1 . 2z
=e TCOSZ =e Esmz=—e cosz
D

=—e”** cos(logx) =—x*cos(logx)
.. General solution is y=(A +Blogx)x* —x*cos(logx)

5



11. b) i) Solve ((11—);+2y:—sint,((11—i]—2x:costgiven x=land y=0 at t=0

Solution:
Dx +2y=—sint————— 1 d
Dy-2x=cost—————— (2) dt
Multiply (1) by 2 and operate (2) by D

2Dx +4y=—2sint
—2DX+D2y=D(cost)=—sint
(D* +4)y=-3sint

Solving fory,
AE is m*+4=0 =>m’=—4 =>m=+2i

.. CF.=Acos2t+Bsin 2t

PI= sint=-—sint

SV v

Sy =Acos2t+sin2t—-sint—————-— 3)
Substituting (3) in (2). We get

D(Acos2t+Bsin2t—sint)—-2x=cost
—2Asin2t+2Bcos2t—cost—2x=cost
2x=—2Asin2t+2Bcos2t—2cost

x=-Asin2t+Bcos2t-cost------ (4)
Given x=1,y=0 at t=0
~0=A;1=B-1 = B=2

S x=2cos2t—cost,y=—sint+2sin 2t

12. a) i) If t is the position vector of the point (x,y,z)prove that V* (r“) =n(n+1)r"?

Solution:
V(") =v.v(r")

Now V (r" ) = Yaix(r" ) = ZI nr’? % =nr"? ZT X

6



-0 = 0 + % =
V.r:(18—+J—+k§}(x1+y]+zk)
0 0

:—(x)+g(y)+£(z)=l+l+l=3

V(nr“‘z) =ZE%(nr“‘2) =Z iqn(n—2)r“_3 x

r
=> i n(n-2)r"*x =n(n-2)r""* Z;X
=n(n-2)r"" r
V2 (r“):3nr“_2 +n(n-2)r"*r.r
=3nr"? +n(n-2)r""r’
=3nr"” +n(n-2)r""
:(n2 —?_n+3n)rn_2 :(n2 +n)r“‘2
=n(n+1)r">
12. a) i1) Verify Green’s theorem in plane for _[ [(3){2 -8y’ )dx+(4y—6xy) dy} where C is

C
the boundary of the region bounded by the lines x =0,y=0,and x+y =1.

Solution:

By Green’s theorem,

jpdx+Qdy ”[——a—jd dy

}.T
P =3x"-8y*;Q=4y—6xy o x+y=1
1
>
P ey Nogy
oy Ox X
y=0
aQ aP x=1 y=l-x
~RHS = ” ———dd_j j (~16y))dydx
x=0 y=0



x=1

x=1 2 y=1-x x=1 _ 3
=10 | {y—} dx=5 [ (1-x)"dx =5 (=x) ) 5
x=0 2 y= 3 3

0 x=0 x=0

LHS:J'de+de: j Pdx +Qdy + j Pdx +Qdy + j Pdx + Qdy
C

y=0 x+y=1 x=0

dy=0 y=l-x dx=0

x=0 to x=1 dy=—dx y=Ito y=o0
x=1to x=0

J.de +Qdy= T3x2dx + XJZ.O(3X2 _8(1_xz))dx+(4(1—x)—6x(1—x)(—dx))+y = fol4ydy

C =

y=1

—3X3x=10328262 16X +4x+6 8—4)|d 4y T
=5 +I[(x—x—x)+( x+x+x)+(——)}x+7

x=0 x=1 y=l1

3 2 0
g | ZHXT 260X g —2:—1{2—13“2}:2—2:5
3 2 1 3 3 %

.. LHS =RHS
12. b) Verify Gauss divergence theorem for F=4xzi— y2j+yzk over the cube bounded by
x=0,x=1,y=0,y=1,z=0and z=1.
Solution:

By Gauss divergence theorem
ﬁj‘)V.FdV=<ﬂ>F.nds
\% S
V.F= ;i+3i+lﬂ(2 . (4xzf—yzj+ yzlz)
ox "oy 0z

=6%(4xz)+%(—y2)+%(yz) =4z-2y+y=4z-y

x=1 y=1 z=1

LHS=ﬁ:ﬁV.de=I j I(4z—y)dzdydx
\% x=0 y=0z=0
x=1 y=1 422 1 x=1 y=1
:J' I {T—yz} dydx :I J.(2—y)dydx
x=0y=0 0 x=0y=0



on S;(OCDG),x=0,n=

on S, (OABC),z=0,n =k, ds, =dxdy
on S, (EDGF),z =1,n =k, ds, = dxdy
on S, (OAFG),Y =0,n =—j,ds, =dxdz
on S, (CBED),Y =1,n = j,ds, =dxdz
( n
(

on S, (ABEF),x =1, n=i ,ds¢ =dydz

RHS=”I?.12ds=”F.1;dsl+”F.2ds2+”1?.1;ds3+”F.1;ds4+”F.7Azdss+”1?.i;ds6
N S S S3 S4 Ss S

=y:l x! 4xzf_y2;'+yzl; (% dx dy :y=1 x:]—yzdxdy=0 since z=0 on S,
=i = ( )

y=0x=0

y=1 x=1

”Fndsz I I(4xzt y ]+yzk)( lz) dxdy zTyfydxdy (sincez:lon Sz)

HE R
:j Y dx =—[x]. =
2 | 2b

x=0

x=0y=0

[[Fnds,= ] ] (4xsFr sk (Favie = | [ (+57)asde=0 (oy=00n5)
S3 2=0 x=0

z=] x=1

z=0 x=0

z=1 x=1

_UF nds4 I j(4xzz y ]+yzk)( ')dde:J Iyzdde:—.[zZ:;[x]:)dz ('.‘yzlon S4)

=

J.Iﬁ;l dss = T yJ:l (4xz;— y2}+ yzl;).(—;)dy dz
Ss 2=0 y=0

z=0x=0



z=1 y=l1

:J. _[—4xzdydz=0 (sincexzoonSS)

2=0 y=0

J.IF.;ld% = Zjl yjjl (4xz;—y2}+yzl;).(—;)dydz

Se 2=0 y=0
y=1 z=1 y=1 o 1

:I J4xzdydz:4j {7} dy (- x=1on Sy)
y=0z=0 y=0 0

- RHS= jjf.%ds=0+l 0-14042=2
; 2 2

- LHS=RHS

13. a)i) Prove that u =" (x cos y — ysin y) is harmonic and hence find the analytic function
f(z)=u+iv

Solution:

u=e"(xcosy—ysiny)

X

ou ' ¥ *
a_”:ex(—xsiny—siny—ycosy)

y

By, i
er (—xcosy—cos y—cosy+ysiny)
0’u  0u

—2+6y—2:e"xcosy—e“‘ysiny+2e" cosy—xe cosy—2e cosy+e ysiny=0

.". U 1s harmonic.

10



_Ou .Ou Ou .Ou

f (Z)—g‘i‘la = a — la

L\ ou
11(2)=2(=0)-12(=0)
ou

a(z,O)zzeZ +e %(z,o)zo

s fi(z)=ze" +€
f(z):j(zez+ez)dz+c
=ze —e +e +c

f(z2)=ze" +c

13.a) i1) Find the bilinear transformation that transforms 1, 1 and -1 in the z-plane on to 0, 1 and
00 of the w-plane. Also show that the transformation maps interior of the unit circle of the z-

plane on to upper half of the w-plane.

Solution:

By invariance property of cross ration

(w=w) (wy—wy)  (z2-2)(z-2,)

= zy=l,z,=1,z;=1
(w=wy) (m,—w)  (2=2)(z-2) 1 ’ 3

(w—Wl)Ws( ‘WJ (z-1) (=1-i) w=0,w, =1, wy=00

(1+z) 2
(l—z) ) 21'(1—2)
:2(1+z)(1_1+2l): 2(1+2)

11



. .. I—w
w(l+z)=i—iz = zw+iz=i—-w= z= :
w+i
|Z|<1
il ) = w]<w+i I
w1

i —u—iv] < |u+iv+i]

R
NSy

‘—u+i(1—v)‘ < ‘u+i(i+v)‘

u2+(1—v)2 < u2+(1+v)2
=2y <2v
=>4v>0 = v>0

.".interior of the unit circle maps on to upper half of the z-plane.

13. b) i) Prove that u=x>—y” and v= ) Y > are harmonic but u+1v is not regular.
X +y
Solution:
2 _ 2 AN
u=x"—-y ;v 2y
2 2
a—u=2x;a—u= 2 ;a L2l=2;a L2l=—2
ox oy ox
2 2
.'.a—u+a—u=0 .. u 1s harmonic
ox> oy*
av_ (¥ +37)(0)=(=2)(2x) 2y
Ox (x2+y2) (x2+y2)2
0%y (x2+y2)(2y)—2xy 2(x2+y2)(2x)
ox? <x2+y2)4
:2yx2+2y3 —8x%y :2y3 —6x°y
(¥ +) )3 (x* +y2>3

12

w-plane

/.




8v_(—1)(x2 +y2>—(_y)(2J’):—x2 —y* +2y° _ Y =x*

B (x2 +y° )2 (x2 +y° )2 (x2 +y° )2
oy :(Zy)()c2 +y2)2 —(y2 —xz) Z(x2 +y2)(2y)
oy’ (xz+y2)3
:2x2y+2y3 —4y® +4x7y :6x2y—2y3
(x* +y2)3 (x* +y2)3
"'%4—2%:0 .. u 18 harmonic

ou oOv ov ou
—#—and — # ——
ox Oy ox oy

. u+1iv is not regular (or analytic).

1
13. b) ii) Find the image of the half plane x>c , ¢ > 0o under w=— sketch graphically. Also
z

find the fixed points of w.

Solution:

1 1 . . 1 u-—iv
W=—=z=— e, x+iy= d -
z w u+iv u—iyv

u—1iv u %
AXS , Y=
u’+v° u’+v° u’+v°

SX+Iy=

u
5 2>c:>—>u2+v2:>uz+v2—’f/<0
u - +v c ¢

. 1 2 , 1 2
e, lu—| +v <| —
2c 2c

.".image of the half plane x>c is the interior of the circle in the w-plane with centre at

xX>c =

(i, Oj and radius 1
2c 2c

13



] z-plane

A

)
)

W

2
7

Fixed points of w:% arez’ =1 ie., z=%1.

) (z + 4) dz . . . ) )
14. a) i) Evaluate IZ— , where C is the circle |z +1+ z| =zusing Cauchy’s integral
z"+2z+5
formula.
Solution:

Singularities of the function are z° +2z+5=0

2

z"+2z+5
2+ [4-4(5) 244
ie., z= 5 ( ): 22i4l:—4i2i of these singularities , —1 — 2i lies within
|z+1+z'|:z and —1—2ilies outside
(Z+4)
J~(z+4)dz I(z—(—1+2i))
= 4
L0 +2z+5 | z—(-1-2i)

By Cauchy’s integral formula

( z+1 jdz

z+1-2i : .
J-—(zir(—l—Zi)) = 2mi f(—1-2i)
z+1

where f(z):z+1—2i

1-2i+1 -2
L _1_2 = = = 1
f(=1-20) —1-2i+1-2i —4i )5

IM = 27‘Ci><% =T

C22+2z+5

14



2

14. a) ii) Find the residues of f(z)=

> >-atits isolated singularities using
(Z - 1) (Z + 2)

Laurent’s series expansions. Also state the valid region.

Solution:

)P (1) {(z—l) +1+2(z-1)

(z-1Y (z+2) (z=1) (z—1+3)’ (z-1) } 9(1+(z3—1nz

i 2
N Pp— 2 1—2(23_1}3(2_1) —-~0} (valid when |z ~1|<3)

.. Res of f(z) at z =1is the coefficient of

in the Laurent’s series expansion

ya
:%[2—%} = %x% = %7 valid in the region O<|z—1|<3
2

N z _ (z+2-2)
/() (z=1)(z+2)" (2+2-3)'(z+2)

_{(z+2)2+4—4(2+2):| 1

(z+2)2 9(1_(z;2j]
| =)

=é 1—(Zj2)2 (Z_+42) £1+2(Z;2)+3(Z;2j2+...00]

7]

15



.. Res of f(z)at z=-2is the coefficient of

5 in the Laurent’s series expansion
z+

:l[_4+%}:_—4 valid in the region 0<|z+2|<3 .

do
2+cosB
(Refer solution of 14. b) i) in V 4012)

14.b) if) Evaluate | dx

e (x2 + 1)(x2 + 4)

14.b) 1) Evaluate j

using contour integration.

Solution:
dz

(z +1)(22 +4)

C, with centre at origin and radius R which is large enough such that all the singularities of
1

(22 +1)(22 +4)

axis joining —R to R.

Consider the integral J. where C is a closed curve consisting of the semicircle

above the real axis line within the semicircle and the line segment along the real

(along the real line z=x)

l(zz+1)(zzz+4) Cfl(zm)(z 4 *L(x +1)(x +4)

J.( - 1;1(2 . 4):2ni[(Resf(z)zi+(Resf(z)Z21,))} (by Cauchy residue theorem)
(2 +1)(27+
Where f(z):( - 1)1( - 4) (singularities of f'(z)are z =i,—i,2i,—2i
2 +1)(22+
. ! -1 _1
[Resf(z)l—f:”H'(Z_’)(z_i)(z+i)(zz +4) 2i(-1+4) 6
1 S T

[Resf ]Z L =t (2= 20)

(z-2i)(z+20)(22 +1)  (4)(-3) 120
l(z +1) z +4) B 2m’{é—%21} :27“{%21} :A

dx

J;a(x +l)(x +4)

+

_'[ +1 z+4)

16



Applying lim¢,

EzltR _[ dz . ]3 «x W
6 " a (22 +1)(z2 +4) _Oo(x2 +1)(x2 +4)
dZ| '
5[(ZZ+1) z +4 ‘ j‘z +1Hz +4‘ on G,z =Re"
dz=iRe"® do
Py f Rd© |dz|=Rd6
(4 1) -4) 0<0<n
R ]Ede

dx

_[o(x2+1)(x2+4) R

a

E 0<r<
15. a) 1) Find the Laplace transform of f(t) { ¢ and f(t+2a) = f(t)
—-FE a<tL2a
for all t.
Solution:

T K st ¢ _g 24
L{f(t)} :l_elm DEe—S’dHJ'—Ee‘S’dt} - 1_5211‘? [{e_s } _{e_s } ]
0 0 . )

17



_as as  _as
l_e 2 eZ —e 2
as
2
_E\ ) _E__ 2
Ky _as Ky as _as
1 e ? e +e ?
+ as
e? 2
., as
sinh —
E E as
= 2 = —tanh—
Ky as Ky
cosh —
2

2
N

15.a) i1) Find the inverse Laplace transform of
(s2 + az)(s2 + bz)

using convolution theorem.

Solution:

- S2 _ S S
Ll{(suaz)(my)}Ll{suaz Smf}

s { _ N 2} x ! { - S 2} (by convolution theorem)
s +a s“+b

t
=cosatx cosbt = J. cosau cosh(t—u)
u=0

N | —

|| — ~

[cos(au +bt —bu)+cos(au —bt+bu)] du

u=0

t

2|7 (a-b) | (a+b)

1[sin((a=b)u+bt) sin((a+b)u —bz)}

0

1[sin((a=b)i+br) +sin((a+b)t—bt):| [ sinbt +sm(—b;)J
2 (a-D) (a+b) (a=b)  (a+b)

E ((jn‘g ) (s;fbﬂ{(jibzf) ' 5%]

18



_l 2asinat_2bsinbt _ asinat _bsinbt
21 a*-b? a’ —b* a’-b* a’-b*

15. b) i) Verify initial and final value theorems for the function f(7)=1+¢™"(sint+cosz).

Solution:
Initial Value Theorem

lim,_, f(¢)=lt_,, sF(s)
F(s):L{f(t)} :L{1+e*’ sint+e”’ cost}

1 1 (s+1)
=t .t 2
s (s+1)+1 (s+1) +1

LHS =lt,_, f(t)=lt_,1+e (sint+cost) =1+1=2

>0

RHS =11, sF(s)=lr,, |*+—t 4 S*]
S S H25+2 sT+25+2
l 1+1
_ s s | _ ke
=0t |1+ > 5t 5 =1+0+1=2
I+—+— I+—+—
s S s S
. LHS = RHS

Final Value Theorem
lim,_,, f(¢)=lt_, sF(s)
LHS=1t,_,, f(t)=lt,,, 1+e" (sint+cost) =1

t—

1 1 s+1
RHS=It_ sF(s)=It —+ +
< () HOL sT4+25+2 sz+2s+2}
+1
=lim, I+ ———+ f(s )
S +25+2 s +25+2
.. LHS = RHS

15.b) ii) Using Laplace transform solve the differential equation y"—3y'—4y=2¢" with
y(0)=1=y(0).

19



Solution:
L{y"-3y'-4y}=L{2¢"}

L{p}-3Lip}-aLivp = =
[*L{y}1={sp(0)=»'(0)}] - 3[sL{y} - »(0)] - 4L{y} = ﬁ
(s2‘3s‘4)L{y}—s—1+3=%
(S2‘3S—4)L{y}=%+s-z

2 s—2

g 2 N s—2
e {(s-4)(s+1)2 (s-4)(s+1)2}

L—l{;}:[l{/l +B L_c }
(s—4)(s+1)’ s+l os=y  (s+1)

To find the values of A, B, C
2 A B C
= + +
(s+1)(s=4)(s+1) s+l s-4 (s+1)

2= A(s+1)(s—4)+B(s+1)" +C(s—4)

put s=-1, 2=—5C:>C=—%

= X -2
put s=4 , 2=25B= B = 05

put s=0 , 2=-44+B-4C

2=-44+ i+§ = —4A:2—£
25 5 25

—44="
25

_
= A="9)s
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2

.-.L—1{—2
(s—4)(s+1)

1

s—2

-2 7[+ie4’——eftt
25 25
:L_1|: A + B }
) s—4 s+1

_A(s+1)+B(s-4)

(s—4)(s+1)

(s—4)(s+1)

s—2=A(s+1)+B(s—4)

Puts=-1, -3=-5B :B:%

Put s:4,2:54:A:§
,',L71 & :£L1|: 1 j|+§L1‘: 1
(s=4)(s+1)] 5 s—4] 5 [s+1
_3641_{_267"
ny=L" 2 |y _As=2)
(s—4)(s+1)2 (S—4)(S+l)
=_—267t+£e4'——ef't+ge4’+gef’
25 25
-t
:136 +Ee4t—gte4
25 25 5
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